Commun. Korean Math. Soc. 33 (2018), No. 4, pp. 1181-1203
https://doi.org/10.4134/CKMS.c170360
pISSN: 1225-1763 / eISSN: 2234-3024

UNIQUENESS OF TWO DIFFERENTIAL POLYNOMIALS OF
A MEROMORPHIC FUNCTION SHARING A SET

MoLLA BASIR AHAMED

ABSTRACT. In this paper, we are mainly devoted to find out the general
meromorphic solution of some specific type of differential equation. We
have also answered an open question posed by Banerjee-Chakraborty [4]
by extending their results in a large extent. We have provided an example
showing that the conclusion of the results of Zhang-Yang [16] is not gen-
eral true. Some examples have been exhibited to show that certain claims
are true in our main result. Finally some questions have been posed for
the future research in this direction.

1. Introduction

In this paper, by a meromorphic function f, we mean a meromorphic func-
tion in the whole complex plane. We use the standard notation of Nevanlinna
theory [5]. Let f and g be two non constant meromorphic functions in the
complex plane C. If for some a € C U {0}, f — a and g — a have same set
of zeros with the same multiplicities, we say that f and g share the value a
CM (counting multiplicities) and if we do not consider the multiplicities, then
f and g are said to share the value a IM (ignoring multiplicities).

When we use a = oo, the zeros of f — a means the poles of f.

In 1977, Rubel-Yang [11] first showed that Nevanlinna’s Five Point Unique-
ness Theorem can radically be improved if one considers the sharing of an entire
function with its derivative. here we recall the result.

Theorem A ([11]). If f is a non-constant entire function in the finite complex
plane and if f and f' share two distinct finite values CM, then [ = f.

The following examples show that in Theorem A the number ‘two’ is the
best possible.

Example 1.1 ([11]). Let
2) = e ze (1 — et)dt.
f(2) /0 (1 )dt
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It is clear that f' — 1 =e*(f —1). So f and f’ share 1 CM but f # f'.

Example 1.2. Let f(z) = e * 4+ 4. It is clear that f and f’ share the value 2
CM but f £ f.

The next example shows that the same thing happens if ‘entire’ is replaced
by ‘non-entire meromorphic’ function.

Example 1.3. Let f(z) = 35‘}22; It is clear that f and f’ share A IM but
f#£F1.
In 1979, Mues-Steinmetz [10] further improved Theorem A as follows.

Theorem B ([10]). Let f be a non-constant entire function. If f and f’ share
two distinct values a, b IM, then f = f'.

The following example shows that in Theorem B, one can not replace simply
the word ‘entire’ by ‘meromorphic’.

‘ NN
Example 1.4 ([10]). Let f(z) = (% - \/251 tan (@z)) . Clearly f and f’
share 0, 1 IM, but note that f # f’.

We next recall the following well known definition of set sharing.

Let S be a set of complex numbers and E¢(S) = (J,cqiz @ f(2) = a},
where each zero is counted according to its multiplicity. If we do not count the
multiplicity, then the set (J,cg{z : f(z) = a} is denoted by E(S).

If E¢(S) = E4(S) we say that f and g share the set S CM. On the other
hand, if F¢(S) = E,(S), we say that f and g share the set S IM. Evidently, if
S contains only one element, then it coincides with the usual definition of CM
(respectively, IM) sharing of values.

One can see from the following example that the result of Rubel-Yang or
Mues-Steinmetzis are not in general true when we consider the sharing of a set
of two elements instead of values.

Example 1.5. Let S = {%‘l, %‘l , where a(# 0) be any complex number. Let

f(2) = e % +a, then E4(S) = Ep(S) but f # f'.
So, for the uniqueness of an entire function and its derivative when sharing
a set S CM, the cardinality of the range set should be at least three.

Example 1.6. Suppose S = {—2i,0,2i} and f(z) = 62:7;1 Then f and f’
share S IM but f # f’.

Note 1.1. In Example 1.6, one may consider k-th derivative of f instead of
first, when k is an odd positive integer.

Remark 1.1. So from Note 1.1, it is clear that for the uniqueness of an en-
tire function f and its higher order derivative f*) sharing a set S IM, the
cardinality of a set S should be at least four.

To continue our discussions, we now define a small function as follows:
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Definition 1.1. Let f be a non-constant meromorphic function. A function
a = a(z)(#£ 0,00) is said to be a small function of f if T(r,a) = S(r, f).

In 2008, Yang-Zhang [12] obtained the following result.
Theorem C ([12]). Let f be a non-constant meromorphic function and q > 12
be an integer. If f9 and (f?)" share 1 CM, then f9 = (f?)', and assumes the
form
f(z) = cex,
where ¢ is a non-zero constant.

In 2009, Zhang-Yang [16] further improved Theorem C to a large extent by
obtaining the following result.

Theorem D ([16]). Let f be a non-constant meromorphic function, q, k be
positive integers and a = a(z) be a small function of f such that a(z) # 0, 00.
If f1—a and (f0)*) — a share the value 0 CM and q > k + 1+ Vk + 1, then
1= (f9* and f assumes the form

f(z)= ce%Z,
where ¢ is a non-zero constant and \F = 1.
Theorem E ([16]). Let f be a non-constant meromorphic function, q, k be
positive integers and a = a(z) be a small function of f such that a(z) # 0, 00.
If f9—a and (f0)*) — a share the value 0 IM and q > 2k +3 +/2k + 3, then
f1= (fq)(k) and f assumes the form

f2) = ce”,
where ¢ is a non-zero constant and \¥ = 1.
Remark 1.2. In the conclusion of Theorems D and E, for the case of higher

order derivative £ > 2, one may observe that, it is not always true the fact that
if f4= (fq)(k), then f assumes the form

f(2) = ce®
with ¢ € C* and \* = 1.
Following is a supportive example of the above observations.

Example 1.7. We choose f in such a way that f13 = cje? + cpe¥® + (:36‘*’22,
where w is a non-real cube root of unity and ¢; € C*. Let ¢ = 13, k = 3, then it
is clear that ¢ > k+ 14k + 1 and ¢ > 2k +3++/2k + 3 and also f9 = (f9)*)
but
A
f(z) # cex

forace C* and \F = 1.

To continue the discussion we now recall the following definitions.
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Definition 1.2 ([7]). Let p be a positive integer and a € C U {oc}.
(i) N(rya; f|>p) (N(r,a; f |> p)) denotes the counting function (reduced
counting function) of those a-points of f whose multiplicities are not
less than p.
(ii) N(r,a;f |<p) (N(r,a; f |< p)) denotes the counting function (reduced
counting function) of those a-points of f whose multiplicities are not
greater than p.

Definition 1.3 ([13]). For a € CU {co} and a positive integer p we denote by
Ny(r,a; f) = E(r,a; )+ N(rya; f|>2)+---+ N(r,a; f |> p). It is clear that
Ni(r,a; f) = N(r,a; f).

From the above results, we see that the research about the uniqueness of a
meromorphic function and its derivative sharing a ‘value’ or ‘small function’
has a long history. The best result obtained so far is for a function and its first
derivative sharing a set with three elements. We also see that generally in the
conclusion of the above results discussed so far, different possible forms of the
function f have been exhibited. To serve the purpose researchers sometimes
resorted to additional suppositions. But no attempt have so far been made to
find the uniqueness of an entire or meromorphic function with its higher order
derivatives sharing a set.

We now recall the following uniqueness polynomial introduced by Lin-Yi [8]

(1.1) P(w) = aw™ — n(n — )w?* 4+ 2n(n — 2)bw — (n — 1)(n — 2)b?,

where n > 3 is an integer and a, b € C* satisfying ab” 2 # 2. It is easy to
verify that the polynomial P(w) has only simple zeros.

We now recall the notion of weighted sharing which is a scaling between C M
or IM sharing of values or sets appeared first in the literature in 2001 [6].

Definition 1.4 ([6]). Let k& be a nonnegative integer or infinity. For a €
C U {oo} we denote by Ef(a, k) the set of all a-points of f, where an a-point
of multiplicity m is counted m times if m < k and k 4+ 1 times if m > k. If
E¢(a,k) = Eg(a, k), we say that f, g share the value a with weight k.

We write f, g share (a, k) to mean that f, g share the value a with weight k.
Clearly if f, g share (a, k), then f, g share (a,p) for any integer p, 0 < p < k.
Also we note that f, g share a value a IM or CM if and only if f, g share (a,0)
or (a,00) respectively.

Definition 1.5 ([6]). Let S be a set of distinct elements of CU {oco} and % be
a nonnegative integer or co. We denote by £;(S, k) the set (J,cs Er(a; f). If
E;(S,k) = E,(S, k), then we say f, g share the set S with weight k.

Very recently, in this direction, with the help of weighted sharing of sets
Banerjee-Chakraborty [4] considered a homogeneous differential polynomial

L(f) = ao (f““))l +a (f““‘”)l totap (F)
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where [,k € N, a; € C and obtained the following result.

Theorem F ([4]). Let m(> 1), n(> 1) be positive integers and f be a non-
constant meromorphic function. Suppose S = {w : P(w) =0} and E¢m (S,p) =
(S, p). If one of the following conditions holds:

(1) 2<p<ooandn > 6+ S o

A—2u ’

2 p=1 andn>12—3+77)(\’i;;), or
2
(3) p=0 andn>6+3u+6&“_+21: ,

then f™ = L(f), where A = min{m(n — 2) — 1,I(k + 1)(n — 2) — 1} and
— mi 1

© = min {;, 1}.

Note 1.2. One may observe that one can not find the lower bound n for the

case p = 0 in Theorem F since the number y is undefined in the case (3) when
p=0.

So a natural question arises as follows:

Question 1.1. Is it possible in anyway, to find a corresponding result of The-
orem F for the case p = 0 by removing the difficulty mentioned above?

In [4], Banerjee-Chakrabarty asked an open question as follows:

Question 1.2. Can the conclusion of Theorem F remain valid if any non-
homogeneous differential polynomial generated by f is considered?

Therefore to extend all the above theorems in a large extent and also to
answer the above questions, we are now at a position to define differential
polynomial as follows.

Definition 1.6 ([3]). Let ngj,nij,...,ny; be non-negative integers. Also let
g=f*

e The expression M;[g] = (g)"% (g')™ - -- (g*))™ is called a differential mono-
mial generated by g of degree d(M;) = Zf:o ni; and weight T'y;, = Zfzo(l +

e The sum P[g] = Z;=1 b;M;[g] is called a differential polynomial generated

by g of degree d(P) = max{d(M;) : 1 < j < t} and weight I'> = max{I'y; :
1 <j <t}, where T'(r,b;) = S(r,g) for j =1,2,...,¢t.

o The numbers d(P) = min{d(M;) : 1 < j < t} and k the highest order of
the derivative of g in P[g] are called respectively the lower degree and order of
Plg].

e P[g] is called homogeneous if d(P) = d(P).

e P[g] is called a linear differential polynomial generated by g if d(P) = 1.
Otherwise Plg] is called non-linear differential polynomial. We denote by Q =
max{l"Mj — d(MJ) 01 S j S t}.

Next we have the following observation.
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Note 1.3. For a non-constant meromorphic function f, let us suppose that
f = f®). It is clear that f can not have any pole. Again since no non-
constant polynomial satisfies the relation, so it is very natural that f must
be a transcendental entire function. So one must have the general solution of
f = f*) as follows:

(1) When N(r,0; f) # S(r, f), then

f(2) = coexp(2) 4 ¢1 exp(0z) + ca exp(0%2) + - + cp_1 exp(0F12),
(2) When N(r,0; f) = S(r, f), then
f(z) = cexp(6z),

where § = cos (22) + isin (22) and c(# 0), ¢
{1,2,...,k}.

.., € C, not all zero, for i €

So observing Note 1.3, one natural question arises as follows:

Question 1.3. Can we extend f*) up to a general differential monomial M|f]
to get a certain form of the function which satisfies the relation f = M[f]?

The answer of Question 1.3 is not true in general. Suppose M[f] = f*) f()
or (f(k))”’“ (f(r))m etc., where k, r and ny, n, all are positive integers with
k > r. We see that the form of the function in Note 1.3 does not satisfy the
relation f = M[f].

Since our main motivation is to extend f*) up to a general differential
monomial M[f], and also to find a non-constant meromorphic solution of the
relation f = M|[f], so the worth noticing fact here is that, we need some power
in the first setting of the relation. If so, then the question arises: ‘does it really
help us to get fP = M|[f] for the function in Note 1.37” The answer is NO in
general. We explain the fact in the following.

(i) Suppose that f(z) = ¢1 exp(z)+c2 exp(—z) and M[f] = (f(k))nk (f(’"))m,
where p = ny + n,, k and r are even positive integers. In this case, one can
easily obtained f? = M|[f].

(ii) But, if f(2) = ci1exp(z) + caexp(—z) and M|[f] = (f(k))nk (f(r))ma
where one of k and r is even and other is odd positive integer. Then f? 2 M|f]
for all positive integer p.

Thus, we have the following observation.

Note 1.4. For a more general setting f = M|[f], where

Nk

MY = (P (£ () (£9)™
we see that f(z) = cexp(Az), A¥M = 1, is a certain solution of it, where
QM = F]w — dM, FM = Z?:O(i + ].)’I”Ll and dM = Zf:o n;.

The above observations motivate oneself to construct a new setting in the
place of f or f? which when shares a set S with its differential polynomial
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P[f] to get f(z) = cexp(Az) as a solution of the identical relation between
them.
So the following question is inevitable.

Question 1.4. What setting one should assume in the place of f or in f9™
to get f(z) = cexp(Az) as a certain solution of the identical relation of that
setting with P[f]?

To this end, next we define
t
%(Z) = Z bjszj = blszl + b22’dM2 4+ btszt7
j=1
where b;(j =1,2,...,t) are all constants.

Since the natural extension of the derivatives of a meromorphic function is
differential monomials and hence differential polynomials generated by f, so for
the improvements as well as extensions in this direction further, the following
questions are inevitable.

Question 1.5. Is it possible that power of a meromorphic function when shar-
ing a set together with its k-th derivative or differential monomial or even its
differential polynomial becomes identical?

If the answer of the above question is affirmative, then another natural
question arises as follows.

Question 1.6. Is it possible in anyway to get a solution or sometimes a specific
form of the function of the identical relation?

Answering all the above mentioned questions affirmatively is the main mo-
tivation of writing this paper.
2. Main results

Following theorems are the main results of this paper which answer all the
above questions and the query mentioned in Note 1.4 affirmatively.

Theorem 2.1. Letn, k, q (> k+1) € N and f be a non-constant meromorphic
function. Suppose that S = {w : P(w) = 0}. If Eg44)(S,p) = Ep[4(S,p)
and one of the following conditions holds:

— 2
(1) 2 <p< o and n > max {QCZ(P)7 54 (P5*g()2(57:t€72n)b:§()2+p) }7

2)p=1 andn>max{2d(P), 121_"(5—2)(772—2)—3}’

(3) p=0 and n > max {2d(P), 11+ (5_2)1(37;1_2)_3}
then

() = PL,
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where § = (n — 2)d(P) — 1 and 7,, = ming <<y {Qde — Ty, } n—1.
Furthermore, we see that the function f of the form

f(2) = exp (2) ,

where ¢ is a non-zero constant with A9 =1 forallj =1,2,...,t, is a certain
solution of S(f?) = P[f9].
Theorem 2.2. Let n, k, q (> k+ 1) € N and f be a non-constant entire
function. Suppose that S = {w : P(w) = 0} and Eg(ya)(S,p) = Epipa)(S,p).
If one of the following conditions holds:

(1) 2< p < oo and n > max {2d(P), 5},

(2) p=1 and n > max {2§(P), ar,

(3) p=0 and n > max {2d(P), 11},
then conclusions of Theorem 2.1 hold.

Remark 2.1. Theorem 1.1 directly improves Theorem F by extending from ho-
mogeneous differential polynomial to non-homogeneous differential polynomial
as well as by reducing the lower bound of the cardinality of the set.

Next in particular, if we consider I(f9) = f9 and P[f9] = (f9)*), then
clearly d(P) = 1 and I'p = k. So, we have the following corollaries.

Corollary 2.1. Let n, k, ¢ (> k+ 1) € N and f be a non-constant entire
function such that N(r,0; f) = S(r, f). Suppose that S = {w : P(w) = 0}, and
Eta(S,p) = E(fay) (S, p). If one of the following conditions holds:

(1) 2<p< o0 andn > 2,

(2) p=1andn > 2,

(3) p=0andn >4,
then f1= (f0)*),

Then f assume the form

£(2) = exp (A) ,

q
where ¢ is a non-zero constant and \F = 1.
Remark 2.2. From Corollary 2.1, we see that for the uniqueness of f and its

k-th derivative sharing (S, 1) when N(r,0; f) = S(r, f), the cardinality of the
set S is 3.

Remark 2.3. We see from Corollary 2.1, for the uniqueness of f and its k-th
derivative sharing (S,0) when N(r,0; f) = S(r, f), the cardinality of the set S
is 5.

Remark 2.4. From Theorems 2.1 and 2.2, we observe that there exists a set
S with 6 elements such that Eyq(S,3) = E(fey0(S,3) with ¢ (> k + 1), then
fi=( fq)(k) for a non constant meromorphic function f.
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The following two examples show that for a non-constant entire function the
set S in Theorem 2.1 can not be replaced by an arbitrary set containing six
distinct elements.

Example 2.1. Let § = {—6, —6w2,072w,4w76w}, where w is the non-real
cubic root of unity. Let k& be an odd positive integer. Choosing f(z) =

1
(7% 4+ 6w), where ¢ > k + 1. It is easy to verify that I(f9) = f? and
P[] = (fO)™ = (f9)" (1) + ((f)") share (S,00), but I(f) £ P[f].
Example 2.2. Let k& be a positive integer and 6 be a root of the equation
1

2 +1 =0. Let f(2) = (¢ +a)?, where ¢ > k+ 1 and a is a non-zero
complex number. Let S = {%, ‘%“, 37“, 47“, %‘1, %} . Therefore it is easy to verify
that S(f9) = f7 and P[f9] = (f9)* share (S, o0), but I(f9) # P[f9)].

The next example shows that for a non-constant entire function the set S in
Corollary 2.1 can not be replaced by an arbitrary set containing three distinct
elements.

Example 2.3. For a non-zero constant a, let S = {a,aw,aw2}, where w is
2
the non-real cube root of unity. Choosing f(z) = exp (éw’“ z), it is easy to
verify that N(r,0; f) = S(r, f). Note that f¢ and (f9)*) share (S,00), but
Fr# (™.
3. Some lemmas

We define R(w) = aw? where ay, (1 = 1,2) are the distinct

nn—1)(w—a1)(w—az)’

roots of the equation
n(n — Dw? — 2n(n — 2)bw + (n — 1)(n — 2)b* = 0.
Then
P(w)
n(n —1)(w—a1)(w —az)’
Let F = R(S(f?)) and G = R (P[f?]), where ¢ > k + 1 and f(2) is a non-
constant meromorphic function and associated with F and G, we define

() (5 )
C\F O F-1 g G-1)°

Lemma 3.1 ([14]). Let f be a non-constant meromorphic function and Q(f) =
A 9+ Q1 f™ N+ -+ ag, where ag,ai,...,a, are constants with a,, # 0.
Then

R(w)—1=

T(r,Q(f)) =mT(r,f) +5(r, f).

Lemma 3.2 ([15]). Let h be a non-constant meromorphic function, and let a;
be distinct finite complex numbers such that a; # 0 for j =1,2,...,q. Then

zq: (N (T’h—la]) _N(r’ h—laj)> < N (r,0;h) + N(r,00;h) + S(r, h).

Jj=1
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Lemma 3.3 ([13]). Let f be a non-constant meromorphic function. Then

N (7.0: £9) < N(r,0: f) + kN (r,00: f) + S(r. f).

Lemma 3.4. Let F and G share (1,p) where F and G defined as earlier. Then

(1) Np(r, 1, F) <
(2) Np(r, 1, F) <
(3) Np(r,1;G) <
(4) Nr(

4) Np(r,1;G) <

Proof. First we note that in view of Lemma 3.1, we get S(r, 3(f)) =

{N(r,0;3(f9) + N(r,00; f)} + S(r, f) for p=0.
1{N7‘0 S(f1) 4+ N(r,00; f)} 4+ S(r, f) forp > 1.
{NT‘O P[f9]) + N(r,00; f) }—&—S’rP[f‘ﬂ) for p=0.
1{N’I"0 P[f9) + N(r,00; f)} + S(r, P[f9]) for p > 1.

S(r, f)-

By using Lemma 3.2, we obtained when p = 0,

NL(Tala‘F) <N(7n7]-v‘/—:)

< N(r,0;3(f9)) + N(r, 00; S(f9)) +

N(r,1,F)
S(r, f)

< N(r,0;3(f7)) + N(r, 005 f) + S(r, f).

When p > 1, we get by using Lemma 3.2

Np(r,1;F) < N(r

<= {erf)

IN

=
=

IN
BM—*BM—*B

=
=

=
=

S(f1) + N(r, 00
S(f9) + N(r,005 f)} + S(r, f).

LFl>p+1)

N(r,1,F)}

S} + S8 f)

Combining the two cases we get the proof.
Similarly we can prove the other one. (I

Lemma 3.5. Suppose that F and G share (1,p), where 0 <p < oo. If F#£G

and g > k+ 1, then
(1) forp=>1,
N(r,0; f) < N(r,0; P[f7])

2+p

<

(2) forp=0,

N(r,0; f) < N(r,0; P[f9])
3
Tm —

<

where vy, = ming<;<¢ {Zde

N(r,o0; f) +

2N(r,oo;f) +

2 (7,

pv— () +T(r, P[7)) -

2
m — 2

(T(r,S(f1) + T(r, P[f7])),

7FMJ.}TL71.
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Proof. We define ® = % — gql. We now split the problem in two cases as
follows:
Case 1. Suppose that ® = 0. Then by integration, we have

F—-1=B(G-1).

Let if possible zg be a zero of f, then B = 1 which contradicts F # G. Thus
we get N(r,0; f) = S(r, f) and the result is hold.
Case 2. So, we suppose that ® £ 0. Let us suppose that zy be a zero of f of
order s, then zy would be a zero of F of order sgd(P)n and from [2, Lemma
2.5], we see that zg be a zero of G of order mini<j<; {(s+ 1)da;, — Tas, } 0.
Therefore, it is clear that zg is a zero of ® of order at least

min {qd(P)n -1, 1@}@{ 2dy, — Ty o — 13}
= 121}2)5 {Zde — FMj}n -1
= Tm (say).
When p > 1, then using Lemma 3.4, we have
N(r,0; f)

N(r,0; P[f1])

IN

1
—N(r,0; D)
Tm

LN(’I‘, oo; @) + S(r, P[f1])

Tm

,Yl{NL(e, 1;F)+ Nr(e,1;G) + N(e,00; F) + N(e,00; G)

IN

IN

IA

+Nﬂwmfg#m+wa@wmf¢mﬁ+smﬂﬁb

IN

1 1]|— ox( £4 77,. q 77400‘ 77”00'
{2 W09 + 00 P + 20| + Wi )

+ 3 (N0 S() + N s PUD) |+ S0 PL)

;{;N(r, 0; P[f9]) + (; + 1> N(r,00; f) + Z{T(h S(F)

IN

TP+ S0 P,
ie.,

N(r,0; f) < N(r,0; P[f7])
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<
PYm — PYm —

When p = 0, then proceeding exactly same way as done in above, we get
N(r,0; f) < N(r,0; P[f)

: Jrp2N(r, . 2 {T(r’ S(F) + T, P[fq])}.

2
Yrm — 2

< N(r,o0; f) +

O

— {rematmy + 10 rim .

Lemma 3.6. Let F and G share (1,p), where F and G defined as earlier. If
F #G, then

(1) for p=0,
(3.1) N(r,00; f)
< om g TSN T Pl |
+5(r, P[f9]) + S(r, /),
(2) forp>1,
(3.2) N(r,00; f)

2D + pYm — 2
= (pd = 2)(pym —2) —p(2+ D)
+S(r, P[f]) + S(r, f),

where § = (n — 2)d(P) — 1 and v, = ming <<y {QdM]. — D', } n—1.

{rrstm + 1o}

Proof. Let us define ¥ = }.(%Ll) — g(ggiil)
Case 1. Suppose ¥ = 0.

By integration, we get (1 — %) =A(1- é) As (f7) and P[f?] share
(00,0), so if N(r,00;f) # S(r,f) then A = 1, ie., F = G, which is not
possible. So, N(r,00; f) = S(r, f). Thus the lemma holds.

Case 2. Let ¥ # 0.

Let zo be a pole of f of order 7, then it is a pole of J(f?) of order rd(P)
and of P[f9] of order rd(P) + I'p and that of F and G are 7d(P)(n — 2) and
(rd(P) 4+ T'p)(n — 2) respectively.

Clearly z is a zero of % - 77/ and % - % of order at least (n—2)d(P)—1
and (d(P)+T'p)(n—2) —1 respectively and hence a zero of ¥ of order at least,

min{(n — 2)d(P) — 1, (d(P) + Tp)(n — 2) — 1}

=(n—-2)d(P)—1= (say).
Thus using Lemma 3.4, we get for p > 1,

N(T,Oo;f)

< <N(r,0;¥)

S
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IN

N(r,00; W) + S(r, P[f]) + S(r, f)

IN

L(r,; F)+ Np(r,1;G) +N(T,0;P[fq])} + S(r, P[f9]) + S(r, f)

| = S = | =

1 ——
=

IN
SRR

Nmmwﬂ»+mmmﬁ+NmmPWD+NmmJ@

F 00 PL)| + 50 P + 50,5,
Thus using Lemma 3.5, we get

(5 = ]2?) N(r,00; f)

<Nmmpwm+;{ﬂnmw»+TmPum}+anmﬂb+ﬂnﬁ,

ie.,

N(r,o00; f)
< SN0 P + o TS + 0PI+ S0, L)
50, )
p2+p) = 2p> 1
< D | a5

X{ﬂn%ﬁ»+TmPUm}+SmPU%+SwJ%

ie.,
N(r, 00 f)
2p% + pym — 2 o i -
< g 2 LTS + T P | 450 P
+ S(r, ).

Next for p = 0, using Lemmas 3.4, 3.5 and proceeding exactly as above we get

N(r,oo;f)

Tm ( F4 r q r q r. f).
< g { TS T PP+ S0 P + ()

This completes the proof. (I

Lemma 3.7. If H #0 and F and G share (1,p), then
(3.3) N(r,00;H)
< N(r, 00 f) + N(r,0;3(f9)) + N(r,0; P[f7]) + N(r, b 3(f7))
+N(r,b; P[f9)) + Np(r, 1; F) + N1(r,1;G) + No(r,0; (3(f9)")
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+ No(r, 0; (P[f1))),

where No(r,0; (3(f9))) denotes the counting function of all those zeros of
(S(f9))" which are not the zeros of S(f1)(S(f9) — b) and F — 1. Similar
expressions holds for P[f].

Proof. If we use the following fact, then the proof will be easy. A zero of f? may
not be a zero of P[f?) but an elementary calculations shows that when ¢ > k+1,
then each zeros of ¢ must be a zero of P[f4], so we have N(r,0; F) < N(r,0;G).
Also we note that N (r, 00; F) < N(r,00; f)+ N(r,a1; S(f9) + N(r, az; S(f9)).
But note that the simple zeros of (f?) —a; are not the poles of H and multiple
zeros of I(f9) — a; are zeros of (J(f?))". Similar explanations hold for G

also. g
Lemma 3.8 ([1]). Let ¢(w) = (n—1)?(w" 2 =1)(w"—1)—n(n—2)(w" 1 -1)%
Then
2n—6
() = (w—1)* T[ (w0

where p; € C* — {1}, (i = 1,2,...,2n — 6), which are distinct.

4. Proofs of the theorems

Proof of Theorem 2.1. We split the whole proof into two different cases as fol-
lows.
Case 1. In this case, we assume that H # 0. So, one can see that F # G.
We note that N(r,1;F| =1) = N(r,1;G| = 1) < N(r,00; H).
By using the Second Fundamental Theorem and Lemma 3.4, we get
4.1)  (n+DT(r,3(f))
< N(r,00i f) + N(r, 0;3(f9)) + N (r, b5 3(f)) + N(r, 1; F)

= No (r,0,(3(f9)') + S(r, f)

<2¥wmmﬁ+wv@%0m}+{Mnmwﬂ»+NmmﬂﬂD

+ N (r,b; PLf7])

—

+ {N(r, L,F|>2)+ Np(r,1; F) + Nr(r,1;G)

T (0 (PLY) | +505)
Subcase 1.1. When p > 2. Then we have the following
(4.2) N(r,1;F| > 2) + Np(r, 15 F) + Np(r,1;G) + No (r,0; (P[f])")
N(r,1;G] > 2) + N(r,1;G| > 3) + No (r, 0 (P[f])")

Qmmﬂﬂymﬂ¢o)+ﬂnpm>

<N
N

IN
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< ¥ (et Y 4 st Pl
< N (1,05 PLf)) + N(r.00; ) + S0, L)

With the help of this, note that (4.1) becomes
(4.3) (n+1)T(r,3(f9))
< 2f Wrocs £) + Wb () | + 28 (0PI
W, 0:3(7) + N (1,5 PL) + N, 005 ) + S(0r, P + S(r, ).
Similarly for P[f4], we get
(44) (n+1)T(r, P[f])

< o Wiruoc: )+ N (s P |+ 230,029
£ (5,0 P + N5, 5 9() + N, 003 1) + S0, PLF) + S(r, £).
Adding (4.3) and (4.4), we obtained
(4.5) (n+ 1){T(r )+ T (r, PfY)) }
+N

§6N(roof)+3{( () + (TO;P[fq]}

n 3{N<r, b:S(f) + N(r. b P[fqb} LS PL) + S f),
(4.6) (n— 5>{T<r, S(f) +T (r, PL) }
< 6N (r, 001 J) + S(r. PI*)) + S(r. f).

Using Lemma 3.6 in (4.6), we get

(= s/{T () + TP |

2 _ . _
+S(r, f)

6(2p2+p’7m—2) o~ £a . . . .
< D S o T S FT P | S P

J’» S(T’ f)?
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6(2p° +pym—2)
which contradicts n > 5 + 5= 2)(27 pjz) )

Subcase 1.2. Let p = 1. We see that

(47 N(rLF|>2)+Np(r,1;F)+ Np(r,1;G) + No (r,0; (P[f]))
< N(r,1;G| > 2) + N(r,1; F| > 2) + No (r,0; (P[£1])")

< N (n0 PP £0) 4 5 (0530|807 #0)
+S(r, P + S(r. )
< N0 PL) + W00 PL) + 5 { N 0:9(/7) + Niroxi )}
+ S(r, P[f9]) + S(r, f).
Thus we get from (4.1),
(48)  (n+ DT( ()
< o{ Wi ) + W03 | + 28 05 Pl + { W 0:9(0)

N | Ot

N (. P[f]) + N(r, o0: f>} T S(r, PLf) + (0. f).
Similarly for P[f?], we get
(4.9)  (n+ D)T(r, P[f9)

{N<r, 501 f) + N(r.0: P[f"])} 9N (03 (F) + {N<r, 0; PLF))

<

N | Ot

T (R BS() + 00 ) o+ S0P + 50,6
Adding (4.8) and (4.9), we get
(4.10) (n+1){T(r,%(fq))JrT(r,P[fq])}
< TN ) + 5 { N 00:3(7) + N 0PI |
Wb 3 + N PLAD |+ 0PI +50.5)

(411) (n-3) {res0m + 101
< TN (r, 001 f) + S(r, PLf7)) + S(r, ).
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So using Lemma 3.6 in (4.11), we get

(4.12) (n - 121) {T(r S(f) + T(r, P[fq})}

= %_2 3{ —I—NrOP[fq])}—I—S(r,P[fq])

+5(r, f)

g { T U TP S0 P45 ),

which contradicts n > 1L -|- =2 (=23 2)(%1_2) 3-
Subcase 1.3. Let p = 0
Using the Second Fundamental Theorem and Lemma 3.7, we get

(4.13) {( (ﬂD+TmPU%}

(n+
< N(r,00;(f7)) + N(r, 00; P[f7]) + N(r,0;3(f)) + N (r,0; P[f])
+ N(r,b;S(f1) + N (r,b; P[f9]) + N(r, 1; F) + N(r, 1;G)
— No(r, 0 (3(f9))) = No (r,0; (P[£))") + S(r, P[f]) + S(r, )
< 3N(r,00; f) + 2N (r,0;S(f9)) + 2N (r,0; P[f9]) + 2N (r, b; S(f?))
+ 2N (r,b; P[f9]) + N(r,1; F) + N(r,1;G) — N(r, 1; F| = 1)
+ Ni(r, 1, F) + Ni(r, 1,G) + S(r, PLf]) + S(r, f).
Again,
N(r,1;F)+N(r,1;G) = N(r,1; F| =1) < Np(r, 1, F) + N(r, 1;G),

N(r,1;F) +N(r,1;G) — N(r,1; F| = 1)

< 2{NL(T, 1;F)+ Np(r,1;G) + N(r,1;G) + N(r, 1;f)}.
So in view of Lemma 3.4 and Lemma 3.6, from (4.13), we have

(4.14) m+n{ﬂnwﬂ»+Tmem}
< 3N(T, oo; f) + 2N(r,0; S(f) + 2W(r70; P[f9]) + QN(T, b; 3(f1))

+ 2N (r,b; P[f9]) + z{NL(’I“, 1; F) + Np(r, 1;9)} + ;{N(r, 1;F)

+N(r,1;g)} + S(r, P[f7]) + S(r, f),
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(n— 6>{T<r, S(F) + T (r, P[f) }
< 6N(r00 f) + 3{NL<r, 1 F) + No(r 1;9)} T S(r PLF) + S(r. f)

< 6N (1,001 ) + 3{N<r, 0: PLF)) + N (r, 0:3(f)) + 2N (r, o0 f)}
+ S(r, P[f9]) + S(r, f).

Thus
(n—11) {To: S(f) +T (r, PL) }
12’77" N - ( f4 *T . q r q
< G {08 + N0 P f 450 PL)
T S(r )
127,

=G 20m-2) 3 {T“ﬂ SUN) +TC PW])} + S(r. Pf7) + S(r, 1),

which contradicts n > 11 + (5_2)1(3+2)_3.
Case 2. Let H = 0.
It is clear that F and G share (1,00).
By integration twice, we have
_AG+B G— —-DF+ B
“cgrp U YT cr-A
where A, B,C, D are constants satisfying AD — BC # 0.
Next by applying Mokhon’ko’s Lemma, we get [9]

(4.15)

1

T(T’, S(fq)) - *T(T, ‘F) + S(T, f)7
(4.16) 711
T(r, Plf1]) = ~T(r,G) + S(r, PLf7]).
From (4.15), we get T'(r, ) = T'(r,G) + O(1), i.e., T(r,3(f9)) = T (r, P[f7]) +
O(1). Clearly from equation (4.15), if C # 0, we get N(r,00; f) = S(r, f).

As AD —BC # 0, so A = C = 0 is not possible. So we consider the following
cases:
Subcase 2.1. Let AC # 0. This implies A # 0 and C # 0.
Subcase 2.1.1. Let B = 0. Then we must have D # 0 otherwise AD—BC = 0.

In this case, (4.15) reduces to
AG
)
Since N(r,00;f) = S(r, f), it follows from (4.17) that N(n—%;g) =
N(r,00; F) = 8(r, ).

(4.17)
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Applying Second Fundamental Theorem, we get
_ _ — D
T(T7 g) S N(T, Q5 g) + N(ra Oa g) + N (T7 _67 g) + S(T, g)

(r,00:G) + N(r.0;G) + S(r. P[f))

2
< N(r,00:f) + 3 W (ryc PIf) + N(r,0; P[f)) + S(r, P[f))
i=1

A
=

< %T(r,g) + S(r, P[f7]),

a contradiction as n > 5.
Subcase 2.1.2. Let B # 0.
In this case, we have
B (BC — AD)F
A ACF-A)
By applying Second Fundamental Theorem, we get

g+

7(10) < N(r.o6:6) + N(0:6) + N (1, 5:6 ) + 5(1.0)

< N(r,00;G) + N(r,0;G) + N(r,0; F) + S(r, P[f9)])
< N(r,00i f) + )N (i PLf7]) + N(r, 0: P[f7]) + N (r, 0;3(f7))

+ S(r, P[f7])
< gm, G) + S(r, PIf1)),

which is a contradiction as n > 5.

Subcase 2.2. Let AC = 0.

Subcase 2.2.1. Let A =0 and C # 0.

In this case B # 0 and F = 7g1+5, where 7 = % and 0= %
If F has no 1-point, then by the Second Fundamental Theorem and (4.16),

we get

T(r,F)
< N(r,00; F) + N(r,0; F) + N(r,1; F) + S(r, F)

N(r,o00; f) Z (r,c; S(f9)) + N(r,0; 3(f9)) + S(r, F)

IN

7T(T7]:) +S(T7}—)a

which contradicts n > 5.
Thus y+0 =1 and v # 0.
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So,
1

- vG+1—7
From above we get N (r, e .7-") = N(r,0;G).
If v # 1, by the Second Fundamental Theorem and (4.16), we get

T(r,]:)SN(r,oo;]:)+N(r,O;f)+N<7‘, .7:>—|—S(7‘,]:)

1
1_7

IN

N(T,OO; Z TS ) +N( S(fq))

+ N(r,0; P[fq])+ (r F)

,4;

< ~T(F) + 5(r, F),

which is a contradiction as n > 5.
Thus v = 1 and hence FG = 1 which yields

2 2
(SO P =n*(n— 1 T[(S(F) — ) [[(PLF] = ).
=1 =1

Let z; be a pole of f of order r, then it must be a pole of (f9) and
P[f9) of order d(P)r and d(P)r + I'p respectively and from above we get
nd(P)r + n(d(P)r + Tp) = 2d(P)r + 2(d(P)r + T'p), i.e., n = 2. This is not
possible since from the hypothesis of Theorem 2.1 we see that n > 2. Thus
from the above equation it is clear that f has no pole.

Let S(f1)—a; = by H;;l(f—aij)pij ,where1 <i<2,1<7r; <d(P)and1 <
p,, < d(P), i, p,, € N. Let z be a a;j-point of f of order s, j =1,2,...,r,
then as these types of points can only be neutralized by the zeros of P[f], we
must have s > q(> k+1). Consequently we have N (r, aj; f) < k+1N(r, aij; f),
for j =1,2,...,r for : = 1,2. Thus by the Second Fundamental Theorem, we
get

(4.18) (ri+r—1)T (Z i — 1) )

< N(r,00; f) + ZW(r, a1y f) + ZW@: s f) + S(r, f)

1

< 2 k+1N(T a1j; f) +Zk+1N 7y ag;; f) + S(r, f)

< T )+ 50,

which is a contradiction if r{ + ro > 3.
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Next suppose r1+r2 = 2, which implies that 7y = 1 = ro. Solet S(f9)—aq =
bi(f — )P and S(f7) — ay = by (f — o5)4P). Now by the same argument
as above if we assume z; be a af-point of f of order s, we see that n < d(P)s
and hence similar to (4.18), we get, T'(r, f) < @T(r, )+ S0, f), which is a
contradiction as n > 2d(P).

Subcase 2.2.2. Let A# 0 and C = 0.

InthiscaseD;éOand]::)\ngu,where)\:%andu:%.

If F has no 1-point, then similarly as above we get a contradiction.
Thus A+ ¢ =1 with A # 0.
Clearly N (r,0;G + %) = N(r,0;F).

If A # 1, then by the Second Fundamental Theorem and (4.16), we get

T(r,G) < N(r,00;G) + N(r,0;G) + N (r,O; g+ 1;/\) + S(r,9)

SNﬁmeUﬂ%+2ﬁVmanﬂﬁD+KﬂnmPUW
+ N(r,0;3(f9)) + S(r, P[f])

< 27(1,6) + 5(1,9),

which contradicts n > 5.
Thus A = 1 and hence F = G. Therefore

n(n - 1>%<fq>2P[fQ]2{(%(fq»“—? - (P[f"])”‘?}
“an(n — 2)b S(f9)P[f7) {(%(fqn"-l - (P[f”])”‘l}
1) 2)b2{(%(fq))" - (P[fqn”} 0.

By substituting h = g([;:y we get

(4.19)  n(n —1)(S(f9)%h2 (k"2 = 1) — 2n(n — 2)bA(3(f9)) (A"~ — 1)
+(n—1)(n —2)b* (" —1) = 0.
If h is non constant, then using Lemma 3.8, we obtained from (4.19),
{n(n — DA S(f9)(h" % —=1) —n(n —2)b(h" " —1)}?

2n—6

= —n(n—2)0*(h—1)* T] (h - B:).

=1

By applying the Second Fundamental Theorem, we get
2n—6
(2n —6)T(r,h) < N(r,00;h) + N(r,0;h) + Z N(r,Bi;h) + S(r,h)

i=1
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2n—6
< N(r,00;h) + N(r,0; h) + % > N(r,Bi;h) + S(r, h)
i=1

< (n—1)T(r,h) + S(r, h),

which contradicts n > 5.

Thus h is constant. Hence as f is non-constant and b # 0, we get from the
equation (4.19), that h"~2—1=0,h" ' ~1=0and h"—1 =0, ie., hi—1 =0,
where d = ged(n,n — 1,n — 2) = 1. Consequently S(f9) = P[f9].

An elementary calculation shows that

f(5) = ¢ exp (2) |

is a certain solution of ¥(f?) = P[f?], where ¢ is a non-zero constant with
NOM; =1 forall j=1,2,...,t. O

Proof of Theorem 2.2. We suppose that f be a non-constant entire function.
So, N(r,00; f) = S(r, f). The rest of the proof can be carried out exactly same
way as in the line of the proof of Theorem 2.1. O

Proof of Corollary 2.1. Let H # 0. Let f be a non-constant entire function
such that N(r,0; f) = S(r, f), then it is clear that N (r,0; f7) = S(r, f). So from
Lemma 3.3, it follows that N(r,0; (f9)*)) = S(r, f). Here we put 3(f9) = f¢
and P[f1] — (f1)®.

In this situation proceeding exactly in the same way as done in Theorem
2.1, we get from (4.5), n > 2, from (4.10), n > 2 and from (4.14), n > 4. So
we omit the details. ]

5. Concluding remarks and some open questions

Based on our discussions in Note 1.3, and also in Theorems 2.1 and 2.2, we
observe that it is not always possible to find the general meromorphic solution,
rather than a particular solution, of the relation (f9) = P[f1)].

So for the future investigations in this direction, we now pose the following
questions.

Question 5.1. What is the general meromorphic solution of I(f?) = P[f]?

Question 5.2. Keeping all other conditions intact of Theorems 2.1 and 2.2, is
it possible to extend the expression (f7) up to another differential polynomial
Q[f?] to get the same conclusions?

Question 5.3. Without imposing any extra conditions, it possible to reduce
the cardinality of the set S further in Theorems 2.1 and 2.2, to get the same
conclusions?
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