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Abstract. In the paper, we have investigated on a conjecture posed by
Chen and Yi (Results Math 63:557-565, 2013) concerning the uniqueness
problem of meromorphic functions f sharing three distinct values with
their difference L£.(f). We have proved the conjecture for finite ordered
meromorphic functions. Some examples have been exhibited in the paper
to show that the main result is true also for the meromorphic function of
infinite order, but we are unable to prove our results for the function of
infinite order, and hence we conjecture it. The main results in the paper
also generalized a result of Zhang and Liao (Sci China Math 57(10):2143—
2152, 2014). This research also shows that when a meromorphi function
f satisfies a certain relation of the type L.(f) = f, then it can be found
the class of all such functions.
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1. Introduction, Definitions and Results

In this paper, the term “meromorphic (resp. entire)” will always mean mero-
morphic (resp. entire) in the whole complex plane C. Meromorphic functions
are always non-constant, unless specifically stated otherwise. We shall adopt
the standard notations of the Nevanlinna’s value distribution theory of mero-
morphic functions such as T'(r, f), m(r, f), and N(r, f) (N(r, f)) from [10,22].
Throughout the paper, we denote C* by C* := C~{0}.

We say that two meromorphic functions f and g share the value a CM
(resp., IM), whenever f — a and g — a have the same set of zeros with the
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same multiplicities (resp. ignoring multiplicities). Also we say that f and g
share the value co CM(resp., IM) whenever 1/f and 1/g share the value 0 CM
(resp., IM).

It is well known that a pair of meromorphic functions f and g would be
identically equal to each other if f and g share five distinct values IM. This
is the famous Nevanlinna’s Five-value Theorem. Also the Nevanlinna’s Four-
value Theorem states that if a pair of meromorphic functions f and g share
four value CM, then f is a bilinear transformation of g. The beauty of these
results lies on the fact that it has no counter part in the real function theory.
The study will be more interesting if the second function g is related with f.

The condition “f and g share four values CM” has been weakened to “f
and g share two values CM and two values IM” by Gundersen [6,7], as well
as Mues [16]. But whether the condition can be weakened to “f and g share
three values IM and one value CM” is still open.

In 1976, Rubel and Yang [18], investigated on the uniqueness of the entire
function when sharing two values a, b with its derivative by proving the fol-
lowing classical result.

Theorem A [18]. Let f be a non-constant entire function. If f and f' share
two distinct finite values a, b CM, then f = f’.

It was Briick [2] who investigated further on the entire function sharing
one value with its first derivative and posed the following conjecture.

Conjecture 1.1 [2]. Let f be a non-constant entire function satisfying the super
order pa(f) < 0o, being not a positive integer. If f and f' share one finite value
a CM, then f' —a =c (f — a) holds for some constants ¢ # 0.

We use the standard notations of the Nevanlinnas value distribution the-
ory of meromorphic functions (see [10,22]). In addition with this, we use the
notation p(f) to denote the order growth of f. Finally, p2(f) denoted the
hyper-order (see [20]) of f which is defined by

) = timsup BV S)
r—00 ogr

Recently, the difference analogue of the lemma on the logarithmic deriv-
ative, and hence Nevanlinna theory for the differences of a meromorphic func-
tion f have been studied by many researchers [1,3,8,9,11-13] focusing on the
uniqueness problem of meromorphic functions sharing some values with their
difference operators or shifts. Now-a-days investigating on the problems of
sharing values by a meromorphic functions with its differences or shift become
an extensive subfield of the modern uniqueness theory. It is well known that
A.f can be considered as the difference counterpart of f’ in Theorem A. In

this direction, we mention an interesting result here.

Theorem B [4]. Let f be a finite order transcendental entire function which
has a finite Borel exceptional value a, and let ¢ € C* be a constant such that
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fz+c) # f(2). If Acf(z) = f(z+¢) — f(2) and f(z) share the value a CM,
then a =0, and

Acf = A f(2),
where A is a non-zero constant.

Remark 1.1. Clearly Theorem B shows that if f has a non-zero finite Borel
exceptional value a, then for ¢ # 0, the value a is not shared by A.f and f(z).

Following example clears this fact.

Ezample 1.1. Let f(z) = be* +a has the Borel exceptional value a. Clearly, for
any c # 2kmi, k € Z, the vale a is not shared by f(z+¢) — f(z) = b(e® — 1)e*
and f(z).

In this direction, one natural question arises as follows.

Question 1.1. Is it possible to omit the condition “f has a finite Borel excep-
tional value” in Theorem B?

The following result, which answers the above question affirmatively, and
is also similar to the assumption in Briick conjecture, in which the order of
growth p(f) is not an integer or infinite.

Theorem C [4]. Let f be a transcendental meromorphic function such that
its order of growth p(f) is not an integer or infinite, and ¢ € C* such that
Acf £ 0. If A.f and f(2) share three distinct values a, b, oo CM, then

Acf = f(2).

Recently Zhang and Liao [23] proved a result by showing that the above
conjecture is true when f is an entire function and Theorem A is still valid
when f’ is replaced by A.f. Following is the result.

Theorem D [23]. Let f(z) be a transcendental entire function of finite order,
and a, b be two distinct constants. If Ay f(Z£ 0) and f share a,bCM, then
Ay f = f. Furthermore, f(z) must be of the following form f(z) = 27h(z),
where h(z) is a periodic entire function with period 1.

In [23], authors gave the following example to show that in Theorem D,
sharing two distinct values CM can not be relaxed to sharing one value CM.

Ezample 1.2. Let f(z) = €™, one can check that f and A.f share 0 CM but
[#Acf

The next two examples show that, in Theorem D, it is not necessary that
the function has to be of finite order.

Ezample 1.3. Let f(z) = 27 ecsn2m2)+d where ¢(# 0), d € C. Clearly A; f and
f share any two distinct values a and b CM, and also we see that A f = f.
Note that f has the form f(z) = 2 h(z), where h(z) = e5"(?7)+d ig a periodic
entire function with period 1.
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e27riz —1

Ezample 1.4. Let f(z) = 2ZW, where ¢(# 0), d € C. Clearly Ay f
eCSln Tz

and f share any two distinct values a and b CM, and also we see that A f = f.

2miz __
Note that f has the form f(z) = 2" h(z), where h(z) = ¢

—osm(na)Td is a periodic
entire function with period 1.

For the generalization of A.f = f(z + ¢) — f(2) further, we now define
the difference operator of an entire (meromorphic) function f as L.(f) :=
crf(z+c¢)+cof(z), where ¢g, ¢y € C*. Clearly for the particular choice of the
constants ¢g = —1 and ¢; = 1, we get back L.f = A.f.

Since no attempts, till now, have so far been made by any researchers
investigating on the uniqueness problem when an entire function f and its
difference L.(f) sharing a, b CM, and stressing to find the class of all such
entire functions, satisfying the relation L.(f) = f.

Therefore, in this paper, we are mainly interested in the further general-
ization of Theorem D by replacing A f by a more general setting L.(f). We
have also stressed to find the class of all the functions satisfying the relation
Lo(f) = 1.

Following is a main result in this paper.

Theorem 1.1. Let f be a transcendental entire function of finite order, and a, b
be two distinct constants. If L.(f)(£ 0) and f share a, b CM, then L.(f) = f.
Furthermore, f(z) must be of the following form

1 _ B
fz) = ( clco> h(z), whency+c1 #1

h(z), when c¢o+ ¢ =1,
where h(z) is a periodic entire function with period c.

Remark 1.2. One can see that when L.(f) = f with the condition ¢; + ¢y = 1,
then the function f is a periodic with period c.

Towards the improvement of the Theorem D, one may ask the following
natural question.

Question 1.2. Is Theorem D true for transcendental meromorphic function
also?

Followings are two supportive examples towards the answer of the Ques-
tion 1.2 affirmatively.

sin( 222
Ezample 1.5. Let f(z) = 25# where ¢ € C*. Clearly A.f and f

cos("”’Tz)—l ’
share any two distinct complex numbers a and b CM satistying A.f = f.
Ezample 1.6. Let f(z) = 2¢ ——52t% — where ¢ € C*. Clearly A.f and f

exp(%)Jraer’
share any two distinct complex numbers a and b CM satisfying A.f = f.
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From the above two examples we see that, if one considers a meromorphic
function instead of entire, then to get the desired relation, the functions f and
A.f(# 0) must have to share oo CM.

In [4], Chen and Yi conjectured that the conclusion of Theorem C still
holds if the restriction of p(f) in Theorem C is omitted. An worth noticing
fact is that Theorem D shows that the conjecture is correct if f is an entire
function of finite order. Now-a-days further investigation on this conjecture is
going on, and many researchers are engaged to solve the conjecture.

Recently, Lii and Lii [14] studied the conjecture, and proved it holds
for the meromorphic functions of finite order also, and obtained the following
result.

Theorem E [14]. Let f be a transcendental meromorphic function of finite
order, and let Ac(f) = f(z +¢) — f(2) (#0), where ¢ # 0 is a finite number.
If Acf and f share three distinct values a, b, oo CM, then f = A.f.

Remark 1.3. We see that Examples 1.5 and 1.6 are the supportive examples
for the validity of Theorem E.

So we want to investigate further Theorem E for a meromorphic functions
f and its difference L.(f).

Therefore, relevant to this investigation, our aim is to study Theorems
C, D and E, replacing A.f by L.(f) and also to find the class of the functions.
Apart from this, since our investigation is on the uniqueness problem between
a meromorphic function f(z) and its shift f(z+¢) or differences A.f or L.(f),
so it is quite natural to investigate on the periodicity of the function f(z)
under some suitable condition. Clearly, when A_.f = f, the function could not
be a periodic function.

Following is another result in the paper which improved Theorems C, D
and E.

Theorem 1.2. Let f be a transcendental meromorphic function of finite order,

and a, b be two distinct constants. If Ep(f)( Z;ZZ%{”Z) where d; € C and

a, B are polynomials in z, and f share a, b and oo CM, then L.(f) = f.
Furthermore, f(z) must be of the following form

f(z) = (1 C0>Cg(z), when co + ¢ # 1

C1
9(2), when ¢o + ¢ =1,

where g(z) is a periodic meromorphic function with period c.

The following examples ensure about the existence of functions which
satisfy the conditions of Theorem 1.2.
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Ezample 1.7. Let f(z) = — ¢ where ¢1,¢5 € C* with ¢ + ¢1 % 1.
1og(1cf0 1
Clearly f is a transcendental meromorphic function (with p(f) = 1 < o)

which shares any a, b and oo CM, and hence L.(f) = f, when e¢ = 1=,

C1

i 2Tz
sin
z (log(l 2 ))
e e 1

Ezample 1.8. Let f(z) = “&———"=, where ¢1, s € C* with ¢g+¢1 # 1.
elog(lzlco) 1
Clearly f is a transcendental meromorphic function (with p(f) = oco) which
1760

shares any a, b and co CM, and hence L.(f) = f, when e¢ = =2

From the Examples 1.7 and 1.8, one can see that the assumptions “the
order of growth p(f) is finite” in Theorem 1.2 and “the order of growth p(f)
is not an integer or infinite” in Theorem C, can be omitted.

Remark 1.4. We observe that in Theorem 1.2 when co+c¢; = 1 with L.(f) = f,
the function f(z) would be a c-periodic meromorphic function.

Following are some supportive example of Remark 1.4.

sinz, _—sinz
e “fte "7

Ezample 1.9. Let f(z) = “—==5—. Then L. (f) = f(2), when ¢y +¢; = 1.
e?i® cos(2 )
2z

z
sin( 226'” )—cos(

cw)

™
c

Ezample 1.10. For ¢ € C*, suppose f(z) = . Then L.(f)

= f(z), when ¢o + ¢; = 1.

Ezample 1.11. Let f(z) = %}(w, where a,b,c,d € C*. Then L,(f)
= f(z), when ¢g + ¢; = 1.

The next example shows that CM sharing can not be relaxed to IM
sharing in our main result.

Evample 1.12. Let f(z) = aes™?, where a € C* and we choose the constants

sin z\2 1
= % = ¢1. One can check that f and £,(f) = Q% share the values

—a, a and co IM, and we see that neither £.(f) = f nor f has the specific
form.

We have the following corollary.

Corollary 1.1. Let f be a transcendental meromorphic function of finite order,
and a, b be two distinct constants. If A.f(Z£ 0) and f share a, b and co CM,
then A.f = f. Furthermore, f(z) must be of the following form f(z) = 2<h(z),
where h(z) is a periodic meromorphic function with period c.
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2. Some Lemmas

In this section, we are going to discuss some lemmas, which we will use fre-
quently to prove our main result.

Lemma 2.1 [5]. Let f be a meromorphic function with a finite order p, and c
be a non-zero constant. Then for any € > 0, we have

fz+ C)) -1
m|r,———2) =0 (r"1¢). 2.1
(nLE52) =0 (o @1
The Eq. (2.1) in which p is the (finite) order of f, and € > 0, implies
fla+ C))

m|r,——— | =85(rf),

(55 = st

possibly outside a set of finite logarithmic measure.

Lemma 2.2 [15,19]. If R(f) is rational in f and has small meromorphic coef-
ficients, then

T(r,R(f)) = deg;(R)T(r, f) + 5(r, f).

Lemma 2.3 [5]. Let f be a transcendental meromorphic function with finite

order p, and ¢ be a non-zero constant. Then for each € > 0, we have
T(r,f(z+¢)=T(r, f)+ 0 (r”*HE) + 0O (logr), i.e.,
T(r,f(z+¢) =T(r, f) +5(r, f),

possibly out side of a finite logarithmic measure.

Lemma 2.4 [21]. Suppose that f1, fo, ..., fn (n = 2) be meromorphic functions
and g1, 9, - .., gn be entire functions satisfying the following conditions:

i) 3 (e =0,
j=1

(ii) g; — gi are not constants for 1 < j <k <n;
(iii) for 1 <j<n,1<Il<k<n, T(r,f;)=0{T (r,es 9)} (r — +oo, r ¢
Then f; =0, forj=1,2,...,n.

Lemma 2.5. Let f be a non-constant meromorphic function such that f and
L(f)=c1f(z+c¢)+cof(2) share a, b and oo CM where ¢, ¢y, ¢1(# 0) € C*,
then f is not a rational function.

Proof. Our proof will be based on the method of contradiction. Let if possible

f be a rational function. Then f(z) = % where P(z) and Q(z) are two

polynomials relatively prime to each other and P(2)Q(z) £ 0. We now define
the sets E(0,P) ={z: P(z) =0} and E(0,Q) = {z: Q(z) = 0}.
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Thus we have

E(0,P)NE0,Q)=¢ (2.2)
Therefore

_ P40 P(z)
le(Z+C)+Cof(Z)—01 oGt 0 o)

_ aPz+0Q) + aP()Q(= + )

Q(z +c)Q(2)
_ D) sa
- Ql(z),( Y)

where P;(z) and Q1(z) are two relatively prime polynomials and P (2)Q1(z)
Z 0.
Again since E(a, f) = E(a,c1f(z+¢) + cof(z)) and f is a rational func-
tion, then there must exists a polynomial h(z) such that
af(z+c)+cof(z) —a=(f—a)h(z)

ie.,

aP(z+c)Q(2) + cP(2)Q(z +¢) 0= <P(z) — a) h(z). (2.3)

Q(z +c)Q(2) Q(2)

Case 1. Let P(z) is non-constant.

Then by the Fundamental Theorem of Algebra, there exists zg € C such
that P(zp) = 0. Then from (2.3), we get

P(z+c¢) _
a1 Qo to) = (1 — h(z0))a. (2.4)

Subcase 1.1. Let a = 0.

Then from (2.4), we see that P(zg + ¢) = 0. Then we can deduce from
(2.2) that P(zp+mc) = 0 for all positive integer m. However, this is impossible,

and hence we conclude that the polynomial P(z) is a non-zero constant.
Subcase 1.2. Let a # 0. Then from (2.4), we get

P(zp+c¢) = %(1 — h(20))Q(z0 + ¢).
Next proceeding exactly same way as done in above, we can deduce that
Pla +me) = (1= h(z0))Q(z0 + me). (2:5)
From (2.4) and (2.5), we see that
P(zo+c)  P(zo +mc)

Q(z0+¢) Q2 +mc)
which contradicts the fact that E(0, P) N E(0,Q) = ¢.

Therefore, we see that f(z) takes the form f(z) =
d = constant (# 0).

, for all positive integers m,

d
o6 where P(z) =
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Case 2. Let (z) be non-zero constant.
Now
c1d Q(z) + cod Q(z + ¢)
Qz+0Q()
Since E(b, f) = E(b,c1f(z+ ¢) + cof(2)), then there exists a polynomial
hi(z) such that ¢1 f(z 4+ ¢) + cof(2) —=b= (f —b)h1(2). i.e.,
& Q)+ @+ = T8 )00 1 o) (27)
Since Q(z) and hence Q(z + ¢) be non-constant polynomials, so by the
Fundamental Theorem of Algebra, there exist zp and z; such that Q(z9) =0 =
Q(z1 + ¢).
Subcase 2.1. When Q(z9) = 0, then from (2.7), we see that hi(z9) = —
which is absurd.
Subcase 2.2. When Q(z; + ¢) = 0, then from (2.7), we get Q(z1) = 0, which is
not possible.
Thus we conclude that Q(z) is a non-zero constant, say ds. So we have

af(z+e)+af(z) = (2.6)

co
37

d
flz) = 78 constant, which is a contradiction.
2
This completes the proof. O

Lemma 2.6. Let f be an entire function and L.(f) = c1f(z + ¢) + cof(2) be
such that

Lo(f)—a _ L(f)=b _ 4

Fa =e andifib e
where ab # 0, and a(z) = apz™ + ap_ 12" 1+ + a1z + g and B(z) =
B 2™+ P12 4+ Brz+ Bo, an(#0), ..., a0 and B (#0), ..., 00 € C,

then n = m and |ay,| = |Bml-

; (2.8)

Proof. Without any loss of generality, we may assume that a = 1, and set
g := f — a. Then (2.8) becomes

L(g) —1=g(2)e*®) — (co + c1). (2.9)
Differentiating both sides of (2.9), we get
ea(z) Clg/(z + C) + Cogl<z)

= . 2.10
S 9 ) (210)

Also it follows from (2.9) that
ea(z) — Clg(z + C) + Cog(z) + D7 (211)

9(2)
where D = ¢ +c¢g — 1.
By combining (2.10) and (2.11), it follows that

6(:)g(2) - 2 (o) + L ) =0 (212)
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where G(z) can be found as follows

ag'(z+¢ _ag(z)gz+c)  ad(z)glz+0)
- 3 - — cpa(z).
9(2) 9%(2) 9(2)

If we choose ¢;4c¢y = 1 i.e., D = 0, then from (2.12) we have G(2)g(z) = 0,
and this implies that G(z) = 0 or g(z) = 0. If g(z) = 0, then one can have
f(2) = a, a constant, which is possible. So we must have G(z) = 0.

Now on simplification, we obtained

9(2) =

er[9(:)0/c +0) — g (gl + c>] — (2) [cla%z)g(z fo+ cOg<z>a<z>] |

(2.13)
Since ¢1 + ¢o = 1, so from (2.9), we see that
L. . 1
e(®) = Lelg) ie, g(z+¢)=— (ea(z) - co) 9(2). (2.14)
9 €1

It is clear from (2.14) that L.(g) and g share the value 0 CM. One can
also check that if g(z) has a zero at z = 2 (say), then g(z + ¢) must have the
same zero at z = zg, otherwise, we see from (2.14) that e*(*) would have pole
at z = zp, which is a contradiction.

Regarding the common zeros of ¢g(z) and g(z + ¢), we have only three
possible cases.

(a) When g(z) is periodic i.e., g(z + ¢) = g(z) for all z € C.

(b) When g(z) is non-periodic but g(z) and g(z + ¢) have common zeros
with same multiplicities.

(¢) When g¢(z) is non-periodic but g(z) and g(z + ¢) have common zeros
with different multiplicities

Case a. Suppose that g(z) is periodic. Then, we have g(z+¢) = g(z) and hence
9 (z+¢) = ¢'(z). With this, we see that g(z)¢'(z +¢) — ¢'(2)g(z + ¢) = 0, and
since g(z) # 0, hence it follows from (2.13) that

1 (2) + copa(z) = 0. (2.15)

The non-trivial solution of the Eq. (2.15) is a(z) = k e_%l)z, where k
is some non-zero complex number. This contradicts the fact that «(z) is a
polynomial in z. Again, «(z) being a solution of (2.15), has to be 0, which
again contradicts the assumption that «a(z) is non-zero.

Case b. Let g(z) is non-periodic but g(z) and g(z + ¢) have zeros with same
multiplicities. Let zg be a common zero of g(z) and g(z+c) of same multiplicity
p=1

First we claim that zy can not be a zero of the polynomial a(z). On
contrary, let zo be a zero of a(z) of multiplicity ¢(> 1). It follows from (2.13)
that zo will be a zero of the left side of (2.13) with multiplicity 2p — 1 whereas
that of the right side of (2.13) is 2p+(g—1). In order to have the same zeros with
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same multiplicities of both the sides of (2.13), we must have 2p—1 = 2p+(g—1),
and we see that ¢ = 0, which is a contradiction.

Since zp could not be a zero of a(z), hence we see from (2.13), zo will be
a zero of left side of (2.13) with multiplicity 2p — 1 but that of the right side
of (2.13) is 2p, which is a contradiction.

Case c. Let g(z) is non-periodic but g(z) and g(z+ ¢) have common zeros with
different multiplicities. Let zy would be a zero of ¢g(z) with multiplicity p(> 1)
and a zero of g(z + ¢) with multiplicity ¢(> 1) and p # q.

Now zp would be a zero of L.(g) and g with respective multiplicities
min{p, ¢} and p, and hence we see from (2.14) min{p,q} = p, as L.(g) and
g share 0 CM. Thus we affirm that p < ¢. Again, by the same argument, it
follows from (2.13) that min{p, ¢} = ¢ — 1. Therefore, we must have ¢ = p+ 1.
Thus we see that zg be a zero of g(z) and g(z + ¢) with multiplicities p and
p + 1 respectively, and hence one can expresses ¢(z) and g(z + ¢) as follows

9(2) = (z — 20)PP(2) and g(z +c¢) = (z — 20)P T 4(2) (2.16)
where ¢(z) and ¥(z) are non-constant meromorphic functions (¢(z) may have
pole at zp only with multiplicity at most p — 1) such that ¢(zg) # 0, co and
¥(z9) # 0. We note that ¢(z) must contain the factor (z — ¢ — zp), otherwise
zo could not be a zero of g(z + ¢).

From (2.14), we now obtained

a(z) _ g(z + C) _ (Z - ZO)¢(2>
T T T TR
Equation (2.17) shows that zg + ¢ is a pole of e®(*) which is clearly a contra-
diction.

Therefore, we have ¢; +c¢g # 1, and based on this assumption, we consider

the following two cases in our next discussions.

Case 1. If G(z) = 0, then the Eq. (2.12) becomes

+ co. (2.17)

o)+ 28— (2.18)

which in turn gives the solution
g(z) = Ce (), (2.19)
where C is an arbitrary constants. We substitute (2.19) in (2.9) and obtain
(C+1)—=(co+c1)
c
From the R.H.S of (2.20), it follows that « has to be a constant. Then we must

have ¢; +¢o = 0, and so C = —1, and then e*(*) = ¢*(*+¢) Therefore by (2.9),
one can verify that £.(f) =0, a contradiction.

ea(z) _ CleOé(Z)—a(Z"‘c) -+ ¢p. (220)
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Case 2. Let G(z) # 0.
By Lemma 2.1, we get that m(r,G) = S(r, f). From (2.9), we see that if
9(z0) = 0 for some zy € C , then

1—(co+c

so it follows that

)= ) )

Clearly N(r,G) = N (7‘, g(lz)) PN (7’, g(lz)> .

Therefore, since g is an entire function, we have

1
m(rag) <m <7", g) +S(T7f)
N(r,G)+ S(r, f)

—N( ) () vt
<Tg)=m () + (v g> st d)

<m(r,g)+N(r,g) —m (r, ;) +N(r, ;) +S8(r, f)

<m(r,g) —m <r, ;) +N (r, ;) +S(r. f),

which in turn implies that

m (r, ;) <N (r, ;) + S(r, f). (2.21)

Again, we can re-write (2.9) as

—_

g(z+¢) +co+cl—1 _ o)

c — ¢p.
e 9(2) ’
Hence, it is clear to us
1
a(z)) = - 2.22
m (reet®) = (v ) 4 5(01), (2.22)

possibly outside of finite logarithmic measure.
Applying Second Fundamental Theorem to the function, we obtained

that
— 1
- )= B(z) B(z)
N(r’eﬁ(z)—l) m(r,e )—l—(r,e )



Vol. 74 (2019) An Investigation on the Conjecture of Chen and Yi

Again note that from (2.8), we get

_ 1 - 1
" (v 7ma) ¥ (=)

Then from (2.21), (2.22) and (2.23), it follows that

" (T’ ea(z)) < (rfia> +5(r, f)

1
(r, O] 1) +5(r. /)
<m (r, eﬁ(z)) + S(r, f)-

=1

=1

Similarly, we can obtained

m(mﬂ(z)) gN(r,fib) +8(r, f)
( b

By combining the inequalities (2.24) and (2.25), we have
m <7", eﬁ(z)) =m ('r, eo‘(z)> + S(r, f)-
Again solving L.(f) and f, we get from (2.8) that

_b—a+ ae®) — pef(2)
flz) = cal(z) _ oB(z)

Therefore from (2.8), (2.26) and (2.27), we get that
S(r, f)=25 (r, ea(z)> =S (r, eﬂ(z)) .
With the help of the standard relation in Nevanlinna Theory

() < o

we obtain from (2.26) that

|an|r" B |r™
1 1)) =—(1 1
I o) = P oy,
which clearly implies that, n = m and |a,| = |Bm]|.

This completes the proof.
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(2.23)

(2.24)

(2.25)

(2.26)

(2.27)

O

Lemma 2.7. Let f be an entire function and L.(f) = c1f(z 4+ ¢) + cof(2) be

such that
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where ab # 0 and rests are as in Lemma 2.6, then o, B, 2, 23, a + 203 and
B+ 2« all have the same degree n.

Proof. Since ab # 0, so proceeding exactly the same way as done in Lemma 2.6,
we get n = m with |a,| = |Bm|. It is now enough to show that the polynomial
a + [ has degree n. From the assumption, solving for f and L.(f), we get

_b—a+ ae®?) — pef(?)

f(Z) - ea(z) _ 65(z) (228)
and
beo‘(z) — aeﬁ(z) + (a — b)ea(z)+ﬁ(z)
Lo(f) = — =5 . (2.29)
We also see that
L(f)=c1f(z+c)+cof(z)
(b—a) + ae®e* — berBef b—a+ ae*®) — pef?)
=a A A +co
elaga _ APl e(2) — eB(2)
(2.30)

From (2.29) and (2.30), we get

be® —ae’ + (a —b)e*t? — co(b — a) — coae® + cobel
e —ef
_c1(b—a) + caePe® — crberPel
- eAapa _ cABeB ’

which in turn implies that

{(b — cpa — cla)er‘}e%‘ — {(bco —a+ clb)eAB}GQ’B + {(a - b)eAa}e%ﬁLﬁ
- {(a - b)eAﬁ}eaHﬁ + {(bco + Ca — @)™ + (e1b + coa — b)eAﬁ}eo‘+ﬁ
—(b— a){coeAa + cl}ea +(b— a){coeAﬁ + cl}eﬂ =0. (2.31)

Next if the degree of the polynomial a+ 0 is less than n, then it immediate
that, in the two polynomials «(z) and §(z), the relation between the leading
coefficients «, and (3, (since n = m) respectively, must be «, + 5, = 0.
Therefore, we can write

a(z) = apz™ + Q12" V4 a1z + ao,
B(2) = —anz" + Brn12™ "+ -+ Brz + fo.
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Substituting this in (2.31), we get that

{(b — Coa — Cla)eAa}epl(z)GQ‘lnzn _ {(bCO —a+ Clb)eAﬁ}epz(z)e2a”z"
+ {(a - b)e“}em(%a"” - {(a - b)eAﬁ}eP4<z>eanz"
+ {(bco + ¢q — a)eP + (e1b + coa — b)eAB}ePS(Z)

—(b— a){CoeAa-i-q}6”G(Z)€a"zn +(b— Ub){coeAﬁ + 01}ep7(z)e_"‘"zn =0,

(2.32)

where Pj(z) (j =1,2,...,7) all are polynomials with deg(P;(z)) < n.
We now define a function H(z) := e®»*" and with the help of this, we
can rewrite (2.32) as follows

{(b — cpa — cla)eAa}’H4 + {(a —b)eBel 3N 3
+ { {(bco + coa — a)e® + (c1b + coa — b)eAB} e () }H2
+(b— a){eABeP“(z) - [coeAa + cl} e 4 [coeAﬂ + cl] ePr(?) }H

+ { — (beg + c1b — a)eAﬁ} e =, (2.33)

Applying Lemma 2.2 to the Eq. (2.33), we get
4T(r,H) = S(r f),
which leads to a contradiction.

Thus we must have deg(a + 3) = n. O

Lemma 2.8. [17] Let hq, ha, ..., hy be linearly independent meromorphic func-
tions satisfying

hy+ho+ - +hy=1.
Then, for j =1,2,...,p, we have
d 1 2 1
T(r,h;) <> N <r, hk> - > ‘N(r, hi) + N(r,W) — N <r, w> + S(r),
k=1 k=1,k#j
where W = W(h1, ha, ..., hy) is the Wronskian of h1, he, ..., hy, and
S(r) = O(logr) + O(log max T(r,h;)), for r— oo, re€E,
1<k<p

for a set E C (0,00) of finite Lebesque measure. If all hy, have finite order, E
can be chosen to be the empty set.
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3. Proofs of the Main Results

Proof of Theorem 1.1. Since f is an entire function, and with £.(f) share a, b
CM, also f being a finite ordered, so there must exit two polynomials a = «/(2)
and 8 = f(z), such that

=e” and ——~—— =¢€". (3.1)

which in turn implies that L.(f) = f.

We are now at a position to find the class of all the entire functions
satisfying the relation £.(f) = f. By the assumption of the result, and using
Lemma 2.5, we see that f is not a rational function. Therefore f(z) must be a
transcendental entire function.

Next we rewrite the above relation as follows

C1

fera = (F50) 1 (3.2)

Let f1(z) and f2(z) are the two solutions of (3.2). Then we have

1—00

Ao = (7o) A (3:3)

C1

Rt = (7o) Ao (3.4

&1

Let us set a function ¢(z) := fi1(z)/f2(%). Then with the help of (3.3)
and (3.4), we get

1—00
heto_ o M9 ne
fa(z+¢) 1700f2(z) fa(2)

C1

z
c

l 92(2’),
where go(z) is a entire function with go(z + ¢) = g2(2), is a solution of (3.5).
Also, it is easy to verify that fi(z) = fa(2)#(z), a solution of (3.5).

for all z € C. It can be easily check that the function f3(z) = (1_C°>

C1



Vol. 74 (2019) An Investigation on the Conjecture of Chen and Yi Page 17 of 28 122

Thus, one can observe that the linear combination

Le(f) = a1 fi(z) + azf2(2)

z

- (1 — CO) c (a16(2) + az) g2(2)

C1

z

where o(2) = (a16(z) + az2) g2(2) is such that o(z+¢) = o(z), for all z € C, is
the general solution of (3.5). Hence, we conclude that f(z) must assume the
following form

z

0= (52 ata),

C1

where g(z) is a entire function with g(z + ¢) = g(2), for all z € C.

Case 2. If both a and 3 are constants and e® # e, then from (3.1) we see
that f is a constant, which is not possible.

So in this case, we have e® = ¢, and then it follows from (3.1) that
L.(f) = f. Proceeding exactly same way as done in case 1, we get f(z) must
assume the following form

z
C

10 = (F22)

where g(z) is a entire function with g(z + ¢) = g(z), for all z € C.

Therefore, we just to consider the case that at least one of o and [ is non-
constant, and e® # e”. Next solving for L.(f) and f, from (3.1), we obtained
that

b—a+ ae*?) — pefz)

f(Z) = ca(z) _ oB(2) (3'5)
and
bea('z) — aeﬁ(z) -+ (a — b)ea(z)+ﬁ(z)
Lelf) = () — G : (3.6)

If only one of a(z) and ((z) is constant, then without any loss of gener-
ality, we assume that ((z) is a constant. Then from (3.1), we obtained that
if 2y is a zero of e*(*)=F(*) then we have e®(*0) = ¢#(20) = 1, Then ?(*) #£ 1
implies that e®(*) # ¢8(*) we know that this is impossible from the Second
Fundamental Theorem.
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If ¢# = 1, then we obtained that £.(f) = f from (3.1), and hence as
above, we get

z
C

10 = (F2)

where g(z) is a entire function with g(z + ¢) = g(z), for all z € C.

Case 3. Suppose that neither a(2)(# ((2)) nor §(z) is a constant. Then from
(3.5), we get

— 1 — 1
N (7’, f—a) <N <T, eﬁ(z)—1> (3.7)

and

N (r, fib> <N (T, e"‘(j—l) . (3.8)

Now we are at a position to discuss the next two subcases.
Subcase 3.1. Let ab # 0. We set here
alz) =apz" + -+ a1z + o
and
B(z) = Bmz" + -+ + Bz + Bo,

where a,,(#£ 0), ap—1,...,a1,a9 € C and 8,,(# 0), B—1,---, 51, 5o € C.
Next we have the following subcases to discuss.

Subcase 3.1.1. We claim that m = n and |o,| = |Gpn|. This follows directly
from Lemma 2.6.

Subcase 3.1.2. In this case, we need to show that the polynomials «, 3, 2a 203,
a+ 3, 2a+ B, a+ 20 are the polynomials of same degree n. With the help of
Lemma 2.7,0ne can get it easily.

Subcase 3.1.3. In this case we want to show that «, 3, a — 3, 2o — 3, o — 23,
..., B = 2, which means g; — gx in Lemma 2.4, are all polynomials with n.

Next, from the Subcases 3.1.1 and 3.1.2, we just need to consider the
case of the polynomial o — 3. Let if possible deg(a — 8) < n. Therefore, we
observe that the relation between the leading coefficients «, in «(z) and 3,
in 3(z) is ap, — B, = 0. Therefore a(z) and ((z) can be written as

a(z) = apz" + -+ a1z + ap.
ﬂ(z) =ap2" + -+ Pz + fo.
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Next we set P(z) = a(z)—/(%), and hence one can check that deg(P) < n.
As in Lemma 2.7, here also we can get

{(b — coa — cla)er‘}eQO‘ - {(bco —a+ clb)eAﬁ}e% + {(a - b)eAa}eQO"HB
- {(a - b)eAﬂ}eo‘”B + {(bco + ¢ — a)e? + (e1b + coa — b)eAﬁ}e‘”ﬂ
—(b— a){coeAa + cl}eo‘ +(b— a){coeAB + 61}6’8 =0. (3.9)

Substituting a(z) = P(z) 4+ B(z) in (3.9), we get

(a— b){er‘eQP - eAﬁeP}eSB

+ {(b—coa—cla)er‘eQP—i— {(bco—&—cla —a)e®+(c1b+coa — b)eAﬁ] eP}e%

+(b— a){ — (coe®* + ¢1)el + (coe™” + cl)}eﬁ =0. (3.10)

This can be written as
3
> fi(z)en® =0, (3.11)
j=1
where g;(z) = jf(z), and
fi(z) = (b— a){ — (coe®* + ¢1)ef + (coe?” + 01)}.
fa(z) = {(b—coa—cla)eAaeQP—l— {(bco—&-cla— a)eAa—l—(clb—&—coa — b)eAﬁ] ep}.

hle) = (o) edeer - eser .

Applying Lemma 2.4, we obtained that f1(z) =0, fo(z) =0 and f3(z) =
0. Now f1(z) =0 implies that

AB
p _ C1+coe
And f3(%) = 0 implies that
AB
P = ZTa (3.13)

Therefore combining (3.12) and (3.13), we get e2* = 28 which in turn implies
that e* = e”, and this is not possible as it is the omitted case. Thus it follows
from Subcases 3.1.1 and 3.1.2, and from (3.9) and Lemma 2.4 that
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c14 et =0, ¢1 + e =0, (b—coa — c1a)e™® =0,
(beg + bey — a)eAﬂ =0, (bep + cra — a)eA‘X + (e1b + cpa — b)655 =0,
ef =0, e =0,
which is not possible.
Case 3.2. Let ab = 0. This implies that either a = 0 or b = 0 as a # b. Without

any loss of generality, we may suppose that « = 1 and b = 0. Then Eq. (3.1)
reduces to

le(;(i—)c) =e’ —q. (3.14)
and
e®) — 1
f(z) = ) —eB(z)’ (3.15)

Applying Lemma 2.1, we see from (3.14), we get

m (7“, eﬂ) = O{TP(Z)_1+E}.
i.e., we see that
p(e”) < p(f) =1 < p(f).
Thus, from (3.15), and the above equation, we obtained that T'(r, f) =
T (r,e®) + S(r, f). ie., T (r,e?) = S(r,e”). Again from (3.15), we see that
e —ef =0.1ie., e* = e’ =1, which shows that

_ 1 1
N(r7 ef"—eﬁ> SN(r,eﬂ_1>
:S(T,G’B).

Therefore, by the Second Fundamental Theorem for small function, we

get
T (r,e*) < el (r,e)+ S (r,e”).
ie.
(I—€) T (r,e*) < S(re),

which is clearly absurd as € is an arbitrary positive number.
This completes the proof of Theorem 1.1. O

Proof of Theorem 1.2. Since f and L.(f) share a, b, co CM, and f is of finite
ordered meromorphic function. Then there exists two polynomials o = a(z),
0 = B(z) such that

f—a _ f—=»0 o

LfH—a " LH-b

We now discuss the following possible cases.

(3.16)
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Case 1. If ¢® = 1 or €’ = 1, then from (3.16), we get that L.(f) = f(2). So
proceeding exactly same way as done in the proof of Theorem 1.1, we can show
that the meromorphic function f here takes the form

z

0= (2 gta)

C1
where ¢(z) is a meromorphic function with g(z 4 ¢) = g(z), for all z € C.
Case 2. Let neither e* = 1, nor ¢ = 1 but e® = ¢”. Then we get from (3.16),
f—a f—=0

Lo(f)—a  Le(f) =0

which shows that L.(f) = f, and as above we get the form of the function is
z

10 = (F22)

where g(z) is a meromorphic function with g(z + ¢) = g(z), for all z € C.

Case 3. We suppose that neither e® = 1, nor ¢” = 1 nor e® = ef.
Then solving for f and L.(f), we get from (3.16) that

fe) =a+ (-t 3.17)
Z)=ua @) .
and
Lo(f)=bt(b—a) " (3.18)
e ev—1" '
where v = — «.
It follows from (3.17) that
T(r,f)<T (T, P —|—e”) + S(r, f).
Again we see that
Le(f)=crf(z+c)+cof(2)
ePleto) 1 e’ —1
= a(C1 +C0) + (b — a){cl e’Y(Z+C) 1 +CO€'Y — 1}
B BreP —1 ed—1
a(61+00)+(ba){017167_1 +CO€7—1 s (319)

where (3;(z) = PTG 4 (2) = e7ETI77() ) Our main aim is to prove
that deg(3) = deg(y) and for this we our discussion will includes the following
two cases.
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Subcase 3.1. Let us suppose that deg(3) < deg(7). Therefore, we see that €? is
a small function of 7. Again note that deg[3(z+c¢) — 3(z)] < deg(3) < deg(y)
and deg[y(z 4 ¢) —7(2)] < deg(y), which implies that 3 (z) = e?*T9=F() and
1 = e¥E+)=7() are small functions of 7.

Let 2o be a zero of y1eY — 1, and (1 (z0)e?*0 — 1 # 0. If e7(20) — 1 #£ 0,
then clearly zy would be a pole of £ <(f), which in turn shows from (3.18) that
zo would be a zero of €7 — 1. Thus, we conclude that zg is a zero of €7 — 1.

If 44 — 1 # 0, then applying Second Fundamental Theorem, we obtained
that

T (r,e") gN(r,W;J +N( )+ (r,€") + S(r, )

N
<N 71 7
X T, Bref —1 S(r,e
which is impossible.

< S(re),
Thus we must have v, — 1 = 0. i.e., e?*+9)=7(?) = 1 and which shows
that deg(vy) = 1. Since deg(3) < deg(y), so one can immediately get that
would be a constant, say B. So, we get from (3.19) that

e’ —1
L.(f)=aler + o) + (b—a)(c1 + o) (eV — 1) ,
dle"‘ +d2

which contradicts that £.(f) is not of the form P 1 d,

, where dy, ds,
ds,dy € C, and «, (8 are two polynomials in z.

Subcase 3.2. Let deg(8) > deg(y).

In this case, 7 is a small function of e”. Now proceeding as in Subcase
3.1, we can get that 31, v, are small function of €.

Let z; be a zero of e® — 1, such that €¥(*1) —1 # 0. Then z; be a zero
of f —a. Since f and L.(f) share a CM, so it is clear that z; is also a zero of
L.(f). Now from (3.19), we see that

Bre? —1 e -1
~yiev —1 ] @

L(f)—a=alcy +co)+ (b— a){cl

Therefore, we get

Bi(z1) —1

b— — N
( G)Cl "}/1(2’1)67(‘21) 1

=a(l—c1 — cp).

‘We now deduce that

Bi(z) —

b — _— =
(b—a)e e @ —1

a(l — ¢ — ¢p).
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Otherwise, note that e — 1 # 0 since e # €. Applying Second Fundamental
Theorem, we obtained that

— 1 — 1 —
T (r,e") <N<T765_1> +N<7"»eﬂ> + N (r,e”) + 5 (r,e”)

1
<N <r, ) 1> + S (r,eﬁ)
<S8 (7“, e’ ) ,
which is not possible. Thus we have

B —1
(b—a)y e 1 a(l —c1 — ¢)
ie.,
cr(b—a)ePEtI=BE) (b —a) = a(l — 1 — o)™ —a(l —co — ¢1).

Our aim is to show that v is a constant. On contrary, we suppose that
deg(y) = 1. Since deg(8) > deg(v), so we get

cr(b—a)ePEtI=hE) — (1 — ¢y — ¢p)e’?)
and ¢1(b—a)=a(l—c — ),

which implies that 8, = e#(*+€)=8() = ¢7(*) for all z € C. Combining (3.18)
and (3.19), we get

Brel —1 el —1 1—e’ P
( a){cl mer —1 T e 1 (b-a)—Z—7 +b-aler+ ),

which in turn implies that

{clﬂl (€ = 1) + o (ne” — 1) }ew

- a @t e - - I @) e el
+e (me”—1)=0. (3.20)
We see that (3.20) is the form
2% 4+ 51eP + 09 =0, (3.21)
where

o2(z) =11 (7 = 1)+ co (1e? = 1).
01(2) = —c1 (e7—1) — (co+1) (e’ — 1) -
oo(z) =€ (11e? —1).

One can note that og, 01,05 are all small functions of e” as deg(B) >
deg(7).

b—alco+c1)

. (7 —1) (11" —=1).
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Now from (3.21), we see that o2(z) = 0. i.e.,

11 (€7 —1) = —¢p (11e” — 1). (3.22)
We have 3; = ¢7**) | hence using this in (3.22), we get
17 EFITIE) (6 — ¢1)e?ET) — ¢y = 0, (3.23)

which implies that +y is a constant. In other words, deg(vy) = 0, contradicts
the fact that deg(y) > 1. Then it follows from Theorem 1.1, L.(f) = f, and
which contradicts our assumption L.(f) # f.

Thus from all the above discussions, we conclude that deg(5) = deg(7).
Based on the fact that f is not a constant function, so we can now assume
that deg(B) = deg(y) =n > 1.

Next simplifying Eq. (3.20), we get

b—alc1 + ¢ b—a(c1 +c¢
y1e27 + {M71}627+B + {(71 + 1)% —(co+ Dy — Cl}eww

a—2>b b—
b—a(co—i—cl)}eﬁ

+(—c1B1 — c0)e® + (c1B1 + com1)e?P T + {01 +eo+1— [

+(=1)e = 0.
We can write the above equation in the following form

boe®Y + b1 27 £ by 4 132 + b, 4 byeP 4 bge? =0, (3.24)

where
bo = 1;
h—
by = baler +co) 00)71;
a—>b
b—alcy +c
by =(m+ 1)# —(a+Dm =
b3 = —c1 81 — co;
by = c151 + co1;
b—a(er +
65101 +Co+177a(01 CO);
b—a

bg = —1.

One can easily verify that all the b; (j =0,1,...,6) are small function of
e as well as 7. Equation (3.24) can be written as

6
> bt =0, (3.25)
=0

where go =27, g1 =27+ 0,92 =7+ 0, 95 =20, 94 =26+, 95 = 3, g6 = 7.

Our aim is to show that deg(y — ) = n. On the contrary, we suppose
that deg(y — ) < n. Then, it is obvious that ¢7=# is a small function of e”
and e”.
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We denote Ng (7", 1,e*, el ) as the counting function of all the common
zeros of ¢® — 1 and 7 — 1.
Since e # €7, so we have e5~7 # 1. Thus we have

1
Ng (T,l;eﬁ,e'y) <N <T,(M1> =S (re").

Again, note that e” is of finite order, and hence we must have
S(r+lc,e)
= S(r,e”). We choose 2z, € C in such a way that 7 (z9)e?*279) —1 = 0
but 31 (ZQ)G’G(ZQJFC) — 1 # 0. From our previous discussions, we can get that zo
is a zero of ¥ — 1. Furthermore, z5 is also a zero of y; — 1.

If v4 — 1 # 0, then applying Second Fundamental Theorem, we have

- 1 — 1 —
T " <N s~ 1 N ) N 77
<N (r )48 () + N )

< NE (’I“"‘ |C‘>17eaaeﬁ) +N (T7

<TQ,1)+sw+wxw+smw>
7 —1

< S(re),

which is clearly absurd.

Thus we have ; = 1, which implies that deg(y) = 1. Therefore, as a
consequence, we see that deg( —y) < 1. i.e., in other words 3 —~ = constant,
say D.

Since 7(*t9)=7(2) = 1, 50 we must have

eBta)=B(2) _ Bla+c)—v(z+c)—B(2)+7(2)
= BGEF)—v(z+0)]—=[B(2)—v(2)]
_ (D-D

=1
Then it follows from (3.19) that

L) = o+ en{a+ 6-a 51

e’ —1

die“+ds
dseP+dy’

which contradicts our assumption L.(f) # for some d; € C, and for
polynomials o and 3 in z.

Thus we have deg(y — 8) = n. Further, one has deg(gs — g;) = n for
=0,1,2,4,5,6. Now we assume that b3 = —c1 61 — ¢g # 0. Thus we assume
¢; =bje% (j=0,1,...,6). Thus from (3.24), we have Z?:o ¢; = 0. Thus from
the basic Linear Algebra, we deduce that there exist a set 7 C {0,1,2,...,6}
and constants A;(# 0) € C, j € J such that ¢35 = >, 7 A;¢;, and such that

the set {¢; : j € J} is linearly independent.



122 Page 26 of 28 M. B. Ahamed Results Math

So, after re-writing, we must have:

SN Lema — 1,
£ " g
JjeET
Applying Nevanlinna lemma to the function

b
hj = )\jiegj*gg’ ] S j,

which are linearly independent satisfying > jes h;j = 1. We use the fact that
zeros and poles of h;, and their Wronskian can come only that of the function
b; with the following property

T(r,b;) =0 (T"_l) = S(r, hj),
as deg(gs — g;) = n, for j € J, where S(r) is a defined as in Lemma 2.8, and
this is not possible.
Next, we consider b3 = —c181 — ¢g. i.e., 1 = —i—‘;, a constant, which
in turn implies 3 is a polynomial with deg(8) = n = 1. Then ~ is also a

polynomial with deg(y) = n = 1, and hence (31 is a constant. We suppose
that

deg(y —28)=n=1, deg(v+3)=n=1.

Then one can get that deg(gs — g;) =0, for j =0,1,2,4,5,6.

Then replacing g3 by g, and applying Lemma 2.8, as discussed above,
we can get a contradiction. Next, we assume that either v — 23 or v 4 ( is
constant, say A. So, we discuss the following two cases in our discussions.

If v — 2/3 is constant, then we see that the functions g; takes the form

go =2y =40+ 24;

g1 =50+ 2A4,;
Gg=B+7=20+A4
g3 = 205;

g1 =20+ =48+ A
g5 = 3;

ge=7v=20+A
Since 31 and 71 both are constants, so we see that all b; are constants.
So keeping b3 = 0, in our mind, the identity (3.25) becomes
t5e% 4 tye®® +t2e?P + t1e’ =0, (3.26)

where ts = b0€2'A, ty = b0€2A + b46A, to = er'A + bﬁ@A, t] = b5.
The identity (3.26) shows that by = 0, bge* + by = 0, by +bsg = 0
andbs = 0, which in turn implies that
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vy = Xz g,
VEHO =1 A | o BEHO=BE) 4 o N +)=7(E) =

{67(2+C)—7(Z) + 1}b_62(00+01) —(co + ]_)e’Y(Z‘f‘C)—’Y(Z) ——1=0;
—a
b—alcy+c1)
b—a
This is impossible since a # b.
Next we suppose that 3 + v is constant. Proceeding exactly the same as
done above, we can arrive a contradiction.
This completes the proof of Theorem 1.2. 0

0.

61+Co+17
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