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Abstract-Marine Industry is a fast developing and a field which is given very much importance these days for 
the global development in trade and transport. Ships contribute a lot in sea food industry, bulk and heavy materials 
and fluid transportation and leisure and tourism industries which all are the backbone of any country. But as it is 
very much important the number of ships that are sailing day by day and the workers working behind this industry 
is lot. These workers must undergo very severe and high-risk operations in the working which makes there life 
very much hectic in these ships. To reduce the work effort and the ship trafficking ship navigation autopilot 
systems where designed. But these Autopilots also has its own flaws or difficulties such as when we set a course 
the ship may reach at a position which is different from the course which was been set due to environmental 
disturbances. Therefore, different controllers are used for reducing these errors. In this project mathematical 
modelling of the ship which is used for installing the controllers for the navigation purpose is discussed and 
helping to reduce the error which has occurred. It will help us in getting the optimised error as the result it is 
possible to find which controller can be used as the best for the navigation and the guidance purpose. In 
mathematical modelling out of 6 degree of freedom 3 degree of freedom (surge, sway, yaw) ship movement is 
considered. Modelling is based on a large container ship in heading plane. Autopilot circuit is designed in 
SIMULINK, then the data from mathematical modelling is applied in the closed loop circuit. Final output is 
analysed using different controllers and mathematical modelling parameters and an optimized value is formed. 

Index terms: Marine Hydrodynamics, Marine Control Systems, Floating Body Dynamics  

 

INTRODUCTION 

Marine Industry is a fast-growing industry 
which is the backbone of the bulk product 
transportations. Ships transport more than 80% 
of world trade volume and about 70% of trade 
value. The world fleet that carries seaborne 
trade involves dry bulk ships, container ships 
and oil tankers. Also, economic growth of a 
country lies mainly on its import and exports 
and as the bulk transportation relies mainly 
through sea it becomes very important for the 
development in this sector. The increasing 
traffic and unpredictable situations in the sea 
makes it difficult for the workers in the ships to 
control and navigate the ships. As a result, 
autopilots were developed. Autopilots control 
the ship navigation to a course that has been 
assigned without any manual help. Autopilot is 
a mechanical, electrical, or hydraulic system 

which helps in setting the shortest course and it 
also maintains the course without the need of 
human assistance. It also guides the vessel 
around any obstruction when detected and 
reduces the workload on the crew.  

Even though autopilot systems help in 
navigation process it is not that effective as the 
position that we get to vary from the course that 
we have assigned. And this result helps to 
overcome this error for different kind of 
controllers. These controllers reduce this error 
that are occurring and getting to reach the 
desired position that we must get to. There are 
varies controllers developed such as PID 
controllers, PI controllers, PI – PD controllers 
for controlling parameters such as temperature, 
pressure, flow, speed, and some other process 
variables.  



PID controllers are the most accurate and 
stable controllers, and they use a control loop 
feedback mechanism to control process 
variables. But PID controllers show poor 
control performances for a integrating process 
and a large time delay process and also it 
cannot incorporate ramp-type set point change 
or slow disturbances. Several research and 
developments are carrying out to reduce or 
eliminate the drawback.  

 

MATHEMATICAL MODELLING OF 
THE SHIP 

Here the kinematics, dynamics and how a 
vessel behaves according to the different kinds 
of wind waves and wind generated waves. 
After which we jumped into the study which 
includes three degrees of freedom reduced 
from six degrees of freedom and based on this 
stage, we could find out the mathematical 
modelling of a marine vessel based on three 
degrees of freedom.  

During the motion of a marine vessel there are 
usually six degrees of freedom these are termed 
as the surge, sway, heave, roll, pitch and yaw 
as shown in the table 2.1. Based on these 
degrees of freedom the kinematic behaviour 
and the dynamic equations of the ship are 
termed. We will look into these as we move on.  

 

 

Figure 1. Motion variables for a mariner 
vessel [4]  

                                        The dynamics of a 
ship can be divided into two parts: kinematics, 
which considers the geometrical aspects of 
motion, and dynamics, which is takes the 
forces causing the motion into account. The 
main aim here in the discussion is to write the 
equation of motion of ship in the following 
way so that controllers can be in cooperated 
with the model.    

The mathematical modelling of the ship is done 
in such a way that the all the forces acting on 
the vessel has to be balanced such the 
expression given below consist of the dynamic 
terms as well as the environmental 
disturbances and on further reducing and 
converting it to the matrix model that has to be 
inserted into the Simulink model Eq: - Ref[9] 

 

Ƞ̇ = 𝐽(Ƞ)𝑣 

𝑀𝑣 + 𝐶(𝑣)𝑣 + 𝐷(𝑣)𝑣 + 𝑔(Ƞ) = 𝑇 + 𝑔˳ + 𝑤̇  

 

Degree of 
Freedom 

 Force and 
Moments 

Linear and 
Angular 

Velocities 

Positions and 
Euler Angles 

1 Motion in x direction(surge) X u x 

2 Motion in y direction(sway) Y v y 

3 Motion in z direction(heave) Z w z 

4 Rotation about x axis (roll, heel) K p ø 

5 Rotation about y axis (pitch, trim) M q θ 

6 Rotation about z direction(yaw) N r Ψ 

Table 1. Directions and notation  

 

 



 

 

When looking into kinematics it involves the 
geometry, velocity, acceleration, displacement 
etc. But in the case of locating of ships we 
have different frames of references and it is 
required to transfer a geometric quantity from 
one frame of reference to the b frame so 
therefore we use the rotation matrix R. When 
this matrix is multiplied by a quantity it is 
transferred from one frame of reference to the 
other. Ref[9] 

  

 
𝑣⍵ = 𝑅௙௥௢௠ 

⍵ 𝑣௙௥௢௠ 

 

 
Where the R matrix is of the form Ref[9] 

: -  

 

 

𝑅௕
௡(𝜃) =

𝑐𝜑𝑐𝜃 −𝑠𝜑𝑐∅ + 𝑐𝜑𝑠𝜃𝑠𝜑 𝑠𝜑𝑠∅ + 𝑐𝜑𝑐∅𝑠𝜃
𝑠𝜑𝑐𝜃 𝑐𝜑𝑐∅ + 𝑠∅𝑠𝜑 −𝑐𝜑𝑠∅ + 𝑠𝜃𝑠𝜑𝑐∅
−𝑠𝜃 𝑐𝜃𝑠∅ 𝑐𝜃𝑐∅

 

 

After transferring this to the required frame of 
reference we find the acceleration in each 
axis’s and finally design the forces and the 
external factors for adding into the mat lab. 
According to which the velocity after rotation 

to another frame it can be  written as follows 
Ref[9] 

.  

 

𝑣௖
௡ = 𝑅௕

௡(𝑣௢
௕ + ⍵̇௡௕

௕ × 𝑟௚
௕ + ⍵௡௕

௕ × 𝑟̇௚
௕) + 𝑅̇௕

௡̇ (𝑣௢
௕ + ⍵௡௕

௕ × 𝑟௚
௕) 

= 𝑅௕
௡൫𝑣̇௢

௕ + ⍵̇௡௕
௕ × 𝑟௚

௕൯ + 𝑅௕
௡𝑆൫⍵௡௕

௕ ൯൫𝑣௢
௕ + ⍵௡௕

௕ × 𝑟௚
௕൯ 

= 𝑅௕
௡[𝑣̇௢

௕ + 𝑆൫⍵̇௡௕
௕ ൯𝑟௚

௕ + 𝑆൫⍵௡௕
௕ ൯𝑣௢

௕ + 𝑆ଶ(⍵௡௕
௕ )𝑟௚

௕ 

 

After differentiating this velocity component 
and then by multiplying this component with 
the mass component and finally removing the 
minute differences we can write the equation 
of translational motion as follows Ref[9] 

 

 

𝑚(𝑣̇௖
௕ + 𝑆൫⍵௡௕

௕ ൯𝑣௖
௕ = 𝑓௖

௕  

 

As the expanded form is hard for computing  
we represent the vectorial representation of the 
6 DOF rigid body equation of motion Ref[9] 

 

 
𝑀ோ஻𝑣̇+𝐶ோ஻(𝑣)𝑣 = 𝜏ோ஻ 

 

𝑀ோ஻ =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

𝑚 0 0 0 𝑚𝑧ீ −𝑚𝑦ீ

0 𝑚 0 −𝑚𝑧ீ 0 𝑚𝑥ீ

0 0 𝑚 𝑚𝑦ீ −𝑚𝑥ீ 0
0 −𝑚𝑧ீ 𝑚𝑦ீ 𝐼௫ −𝐼௫௬ −𝐼௫௭

𝑚𝑧ீ 0 −𝑚𝑥ீ −𝐼௬௫ 𝐼௬ −𝐼௬௭

−𝑚𝑦ீ 𝑚𝑥ீ 0 −𝐼௫௫ −𝐼௫௬ 𝐼௫ ⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

 

 

𝐶ோ஻(𝑣) =

⎣
⎢
⎢
⎢
⎢
⎢
⎡

0 0 0 𝑚(𝑦ீ௤ + 𝑧ீ௥) −𝑚(𝑦ீ௤ − 𝑤) −𝑚(𝑥ீ௥ + 𝑣)

0 0 0 −𝑚(𝑦ீ௣ + 𝑤) 𝑚(𝑧ீ௥ + 𝑥ீ௣) −𝑚(𝑦ீ௥ + 𝑢)

0 0 0 𝑚(𝑧ீ௣ − 𝑣) −𝑚(𝑧ீ௣ + 𝑢) 𝑚(𝑥ீ௣ + 𝑦ீ௤)

−𝑚(𝑦ீ௤ + 𝑧ீ௥) 𝑚(𝑦ீ௣ + 𝑤) 𝑚(𝑧ீ௣ − 𝑣) 0 −𝐼௬௭௤ − 𝐼௫௭௣ + 𝐼௭௥ 𝐼௬௭௥ + 𝐼௫௬௣ + 𝐼௬𝑞

𝑚(𝑦ீ௤ − 𝑤) −𝑚(𝑧ீ௥ + 𝑥ீ௣) 𝑚(𝑧ீ௣ + 𝑢) 𝐼௬௭௤ + 𝐼௫ ௭௣ − 𝐼௭௥ 0 −𝐼௫௭𝑟 − 𝐼 ௭௬𝑞 − 𝐼௭𝑝

𝑚(𝑥ீ௥ + 𝑣) 𝑚(𝑦ீ௥ − 𝑢) −𝑚(𝑥ீ௣ + 𝑦ீ௤) 𝐼௬௭௥ − 𝐼௫௬௣ + 𝐼௬௤ 𝐼௫௭௥ + 𝐼 ௭௬௤ − 𝐼௭௣ 0 ⎦
⎥
⎥
⎥
⎥
⎥
⎤

 

 

As we have found out the equations of motion 
in the six degrees of freedom now, we reduce 
this model to a model consisting of three 
degrees of freedom. As the huge marine 
vessels have reduced pitch movements, we can 
reduce these factors and reduce this to three 
degrees of freedom consisting of surge, sway 
and yaw. As there is only three degrees of 

freedom following approximations can be 
made: 

φ˙ = p ψ˙ = r. cos(φ) 

But these equations only consist of the forces 
due to the movement of the ship but we haven’t 
considered the environmental disturbances into 
consideration. These includes forces due to 



wind, force due to wind generated waves. So to 
analyse this situation and disturbances we 
analyse this under two conditions one is under 
the sea keeping condition and the other is under 
the manoeuvring condition. Where in the sea 
keeping condition the ship movement is 
considered under the still sea and in 
manoeuvring condition the ship is still while the 
waves and winds and other environmental 
disturbances take place. In order to account all 
these environmental disturbances and the 
geometric aspects of the ship we take 
hydrodynamic coefficients which is given by 
the formulae Ref [9]: -  
 

 

𝑋஺ = 𝑋௨̇𝑢+𝑋௪̇(𝑤̇ + 𝑢𝑞) + 𝑋௤̇𝑞̇ + 𝑍௪̇𝑤𝑞 + 𝑍௤̇𝑞ଶ + 𝑋௩̇𝑣̇

+ 𝑋௣̇𝑝̇ + 𝑋௥̇ 𝑟̇ − 𝑌௨̇𝑢𝑟 − 𝑌௣̇𝑟𝑝 − 𝑌௥̇𝑟ଶ

− 𝑋௨̇𝑢𝑟 − 𝑌௪̇𝑤𝑟 + 𝑌௪𝑣𝑞 + 𝑍௣̇𝑝𝑞

− ൫𝑌௤̇ − 𝑍௥̇൯𝑞𝑟 

 
𝑌஺ = 𝑋௨̇𝑢 +̇ 𝑌௪𝑤̇ + 𝑌௤̇𝑞̇ + 𝑌௨̇𝑢̇ + 𝑌௣̇𝑝̇ + 𝑌௥̇ 𝑟̇ + 𝑋௨̇𝑢𝑟

− 𝑌௪̇𝑣𝑝 + 𝑋௥̇𝑟ଶ + ൫𝑋௣̇ − 𝑍௥̇൯𝑟𝑝

− 𝑍௣̇𝑝ଶ − 𝑋௪̇(𝑢𝑝 − 𝑤𝑟)

+ 𝑋௨̇𝑢𝑟−𝑍௪̇𝑤𝑝 − 𝑍௣𝑝𝑞 + 𝑋௤̇𝑞𝑟 

 

𝑍஺ = 𝑋௪̇(𝑢 − 𝑤𝑞) + 𝑍௪̇𝑤̇ + 𝑍௤̇𝑞̇ − 𝑋௨̇𝑢𝑞 − 𝑋௤̇𝑞ଶ

+ 𝑌௪̇𝑣̇ + 𝑍௣̇𝑝̇ + 𝑍௥̇ 𝑟̇ + 𝑌௩̇𝑣𝑝 + 𝑌௥̇𝑟𝑝

+ 𝑌௣̇𝑝ଶ + 𝑋௨̇𝑢𝑝 + 𝑌௪̇𝑤𝑝 − 𝑋௩̇𝑣𝑞

− ൫𝑋௣̇ − 𝑌௤̇൯𝑝𝑞 − 𝑋௥̇𝑞𝑟 

 

 

𝐾஺ = 𝑋௣̇𝑢̇ + 𝑍௣̇𝑤̇ + 𝐾௤̇𝑞̇ − 𝑋௨̇𝑤𝑢 + 𝑋௥̇𝑢𝑞 − 𝑌௪̇𝑤ଶ

− ൫𝑌௤̇ − 𝑍௥̇൯𝑤𝑞 + 𝑀௥̇𝑞ଶ + 𝑌௣̇𝑣

+ 𝐾௣̇𝑝̇ + 𝐾௥̇ 𝑟̇ + 𝑌௪̇𝑣ଶ − ൫𝑌௤̇ − 𝑍௥̇൯𝑣𝑟

+ 𝑍௣̇𝑣𝑝 − 𝑀௥̇𝑟ଶ − 𝐾௥̇𝑟𝑝 + 𝐾௪̇𝑢𝑣

− (𝑌௨̇ − 𝑍௪̇)𝑣𝑤 − ൫𝑌௥̇ + 𝑍௤̇൯𝑤𝑟

− 𝑌௣̇𝑤𝑝 − 𝑋௤̇𝑢𝑟 + ൫𝑌௥̇ + 𝑍௤̇൯𝑣𝑞

+ 𝐾௥̇𝑝𝑞 − ൫𝑀௤̇ − 𝑁௥̇൯𝑞𝑟 

 

 
𝑀஺ =  𝑋௤̇(𝑢̇ + 𝑤𝑞) + 𝑍௤̇(𝑤̇ − 𝑢𝑞) + 𝑀௤̇𝑞̇

− 𝑋௪̇(𝑢ଶ − 𝑤ଶ) −  (𝑍௪̇ − 𝑋௨̇)𝑤𝑢

+ 𝑌௤̇𝑣̇ + 𝐾௤̇𝑝̇ + 𝑀௥̇ 𝑟̇ + 𝑌௣̇𝑣𝑟 − 𝑌௥̇𝑣𝑝

− 𝐾௥̇(𝑝ଶ − 𝑟ଶ) + (𝐾௣̇ − 𝑁௥̇)𝑟𝑝

− 𝑌௪̇𝑢𝑣 − 𝑋௩̇𝑣𝑤 − (𝑋௥̇ + 𝑍௣̇)(𝑢𝑝

− 𝑤𝑟) + (𝑋௣̇ − 𝑍௥̇)(𝑤𝑝 + 𝑢𝑟)

− 𝑀௥̇𝑝𝑞 + 𝐾௤̇𝑞𝑟 

 

𝑁஺ =  𝑋௥̇𝑢̇ + 𝑍௥̇𝑤 +̇ 𝑀௥̇𝑞̇ + 𝑋௩̇𝑢ଶ + 𝑌௪̇𝑤𝑢 − (𝑋௣̇

− 𝑌௤̇)𝑢𝑞 − 𝑍௣̇𝑤𝑞 − 𝐾௤̇𝑞ଶ + 𝑌௥̇𝑣̇

+ 𝐾௥̇𝑝̇ + 𝑁௥̇ 𝑟̇ − 𝑋௩̇𝑣ଶ − 𝑋௥̇𝑣𝑟 − (𝑋௣̇

− 𝑌௤̇)𝑣𝑝 + 𝑀௥̇𝑟𝑝 + 𝐾௤̇𝑝ଶ − (𝑋௨̇

− 𝑌௩̇)𝑢𝑣 − 𝑋௪̇𝑣𝑤 + (𝑋௤̇ + 𝑌௣̇)𝑢𝑝

+ 𝑌௥̇𝑢𝑟 + 𝑍௤̇𝑤𝑝 − (𝑋௤̇ + 𝑌௣̇)𝑣𝑞

− (𝐾௣̇ − 𝑀௤̇)𝑝𝑞 − 𝐾௥̇𝑞𝑟 

From the vectorial representation we can 
reduce this six-degree matrix to three-degree 
matrix. as the ship is moving in the manuering 
condition we can neglect the forces acting in 
the directions other than surge, sway and yaw 
and this matrix is represented as: -  

 

൦

𝑚 − 𝑌𝑣̇௥ −𝑁௩̇ೝ
0 0

−𝑁௩̇ೝ
𝐼௭௭ − 𝑁௥̇ 0 0

0 0 1 0
0 0 0 1

൪ ൦

𝑣̇௥

𝑟̇
𝑟̇
𝑌̇

൪= 

 

⎣
⎢
⎢
⎡

𝑌௩ೝ
𝑌௥ି𝑚𝑈଴ 0 0

𝑁௩ೝ
𝑌௩ೝ

𝑁௥ 0 0

0 0 1 1
1 0 𝑈଴ 0⎦

⎥
⎥
⎤

቎

𝑣௥

𝑟
𝜑
𝑌

቏+൦

𝑌ఋ

𝑁ఋ

0
0

൪ 𝛿௥(𝑡) 

 

 

Now this mathematical model is inserted into 
the Simulink where each PID and PD 
controllers are designed for the steering of the 
ship under the manuering condition. 
 

 
MATLAB SIMULINK CIRCUIT AND 

RESULTS 

 
After the mathematical modelling of the ship 
consisting of all the hydrodynamic coefficients 
and the other required parameters such as surge 
velocity, yaw velocity etc are expressed in a 
state space form, then designed a Simulink 
circuit that have modelled for incorporating PD 
and PID controller circuits. These controllers 
will provide the final output results or over 
response results of each controller. 

 

 

 

The PD circuit stands for the proportional 
derivative controller. This controller has a 
proportional and a derivative part for its 



controller motion. Here the basic principle is 
the initial stage is passed through the 
proportional mode and after passing through the 
mathematical model the derivative of the 
position has been taken and it is compared with 
the required result. If there is an error from the 
required result the controller continues this 
process till the right exact output has been 
obtained. 

Now getting to the Simulink model, we initially 
have a step where we give the range of the input 
to the output values. These values pass into the 

summation where the input value and the output 
value is compared and passed on as the error 
now this error is added to the input value and 
passed on to the mathematical mode; and after 
passing through it we obtain the results for each 
parameters after processing through the model. 
These results are separated to four different 
outputs as shown in fig and these results runs 
back to the initial summation and it is compared 
again to obtain the error and the result is 
obtained. 

 

Figure 2. Simulink circuit for PD controller for manuering condition 

In PID model consists of a proportional 
derivative and integration parts. Here the main 
advantage of this controller is that it can remove 
the steady state error that occurs in the PD 
controller. It also has an added advantage such 
that it can eliminate the overshooting of the 
required results. This is eliminated by the 
derivative and the proportional parts. Here the 
Simulink modelling is same as that of PD 
controllers with inbuilt option of PID 

controllers in the MATLAB Simulink. The 
input value initially passes through this 
controller the proportional and integration 
function updates this value and treats it to the 
model the model process these and produces the 
final outputs and then the final output value is 
compared with the initial value, and they are 
summed together to add the error to the results 
and removing it. 

 

Figure 3. Simulink circuit for PID controller for manuering condition 

  



RESULTS OBTAINED 

After running the Simulink model, the results 
for the angular velocity, linear velocity, the 
movement of the ship and the rotation of ship in 
response to the autopilot steering system and 
the result obtained are shown below for both the 
controllers. 

PD Results 

 

Figure 4 Graph obtained for change in linear 
velocity with respect to time. 

 

 

Figure 5 Graph obtained for change in 
Angular velocity with respect to time. 

 

Figure 6 Graph obtained for Angular Rotation 
with respect to time. 

 

 
 

 

Figure 7 Graph obtained for position with 
respect to time. 

PID Results 

 

Figure 8 Graph obtained for change in linear 
velocity with respect to time. 

 

Figure 9 Graph obtained for change in 
Angular velocity with respect to time. 

 

Figure 10 Graph obtained for Angular 
Rotation with respect to time. 

 



 

Figure 11 Graph obtained for Position with 
respect to time. 

After analysing both the results we can see PID 
controllers attain more stability that the PD 
controllers in less time thus stating that PID 
controllers are much more efficient that PD 
controllers for this model of the ship. 

CONCLUSION 

Based on the studies different kinds of 
controllers where identified. For performing 
the project, the mathematical modelling of the 
vessel consisting of both the parameters due to 
the movement of the ship and environmental 
disturbances where also taken into 
consideration. When analysing the 
mathematical model, I consist of the forces due 
to the control systems, hydrostatic term, and 
environmental disturbances. By using the 
Newtonian approach and the principle of 
superposition the mathematical modelling is 
performed. Now this mathematical model can 
be introduced into the control systems which 
can be used for obtaining the result. Based on 
these results we can obtained the optimized 
controller. Using the literature reviews, we 
could reduce the six degrees of freedom to the 
four degrees of freedom.  
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